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Abstract 

We discuss theoretical and phenomenological aspects of two-Higgs-doublet ex- 
tensions of the Standard Model. In general, these extensions have scalar mediated 
flavour changing neutral currents which are strongly constrained by experiment. 
Various strategies are discussed to control these flavour changing scalar currents 
and their phenomenological consequences are analysed. In particular, scenarios with 
natural flavour conservation are investigated, including the so-called type I and type 
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II models as well as lepton-specific and inert models. Type III models are then dis- 
cussed, where scalar flavour changing neutral currents are present at tree level, but 
are suppressed by either specific ansatze for the Yukawa couplings or by the intro- 
duction of family symmetries leading to a natural suppression mechanism. We also 
consider the phenomenology of charged scalars in these models. Next we turn to the 
role of symmetries in the scalar sector. We discuss the six symmetry-constrained 
scalar potentials and their extension into the fermion sector. The vacuum struc- 
ture of the scalar potential is analysed, including a study of the vacuum stability 
conditions on the potential and the renormalization-group improvement of these 
conditions is also presented. The stability of the tree level minimum of the scalar 
potential in connection with electric charge conservation and its behaviour under 
CP is analysed. The question of CP violation is addressed in detail, including the 
cases of explicit CP violation and spontaneous CP violation. We present a detailed 
study of weak basis invariants which are odd under CP. These invariants allow for 
the possibility of studying the CP properties of any two-Higgs-doublet model in an 
arbitrary Higgs basis. A careful study of spontaneous CP violation is presented, in- 
cluding an analysis of the conditions which have to be satisfied in order for a vacuum 
to violate CP. We present minimal models of CP violation where the vacuum phase 
is sufficient to generate a complex CKM matrix, which is at present a requirement 
for any realistic model of spontaneous CP violation. 
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1 Introduction 



The gauge boson and fermion sectors of the Standard Model of the electroweak inter- 
actions have been extremely well probed phenomenologically; yet, its scalar sector has 
not yet been directly explored. In the Standard Model (SM) the simplest possible scalar 
structure — ^just one SU(2) doublet — is assumed [H [21 El IH |5] ; on the contrary, the fermion 
structure, with more than one family and with family mixing, is not simple at all. 

One critical piece of evidence about the scalar structure is the parameter p. In the 
SU(2)xU(l) gauge theory, if there are n scalar multiplets 0j, with weak isospin Jj, weak 
hypercharge Yi, and vacuum expectation value (vev) of the neutral components Vi, then 
the parameter p is, at tree level [6] , 

n 

P=- -n • (1) 

i=l 

Experimentally [7J p is very close to one. According to eq. ([T]), both SU(2) singlets with 
y = and SU(2) doublets with Y = ±1 give p = 1, since they both have J (J + 1) = | 
Other scalars with vevs in much larger SU(2) multiplets, scalars with small or null vevs, 
and models with triplets and a custodial SU(2) global symmetry |8], are compatible with 
p = 1; but such scalar sectors tend to be large and complex — the simplest extension of 
the SM consists in simply adding scalar doublets and singlets. 

In this review we focus on one of the simplest possible extensions of the SM — the 
two-Higgs-doublet model (2HDM) [9] . There are many motivations for 2HDMs. The best 
known motivation is supersymmetry [10]. In supersymmetric theories the scalars belong 
to chiral multiplets and their complex conjugates belong to multiplets of the opposite chi- 
rality; since multiplets of different chiralities cannot couple together in the Lagrangian, a 
single Higgs doublet is unable to give mass simultaneously to the charge 2/3 and charge 
— 1/3 quarks. Moreover, since scalars sit in chiral multiplets together with chiral spin- 1/2 
fields, the cancellation of anomalies also requires that an additional doublet be added. 
Thus, the Minimal Supersymmetric Standard Model (MSSM) contains two Higgs dou- 
blets. 

Another motivation for 2HDMs comes from axion models Peccei and Quinn [12] 
noted that a possible CP-violating term in the QCD Lagrangian, which is phenomenolog- 
ically known to be very small, can be rotated away if the Lagrangian contains a global 
U(l) symmetry. However, imposing this symmetry is only possible if there are two Higgs 
doublets. While the simplest versions of the Peccei-Quinn model (in which all the New 
Physics was at the TeV scale) are experimentally ruled out, there are variations with sin- 
glets at a higher scale that are acceptable, and the effective low-energy theory for those 
models still requires two Higgs doublets [TT] . 

StiU another motivation for 2HDMs is the fact that the SM is unable [13] to generate 
a baryon asymmetry of the Universe of sufficient size. Two-Higgs-doublet models can do 
so, due to the flexibility of their scalar mass spectrum [13] and the existence of additional 
sources of CP violation. There have been many works on baryogenesis in the 2HDM [HI 
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\T5[ \W\ [T7t \TE\ \W\ fIU\ fIT\ ]. Exciting new possibilities for explicit or spontaneous CP 
violation constitute one of the attractive features of 2HDMs. 

With the Large Hadron Collider (LHC) starting to produce data, time seems appro- 
priate for a review of 2HDMs. The Higgs sector of the Standard Model is very predictive, 
with the Higgs mass being the only free parameter, and it will be tested at the LHC over 
the entire theoretically preferred mass ranges within the next few months. In contrast, 
due to the larger number of free parameters in the 2HDM, it will take much longer to 
probe the entire parameter space of the various models. Should the Higgs not be seen at 
the LHC in the next few months, the 2HDM will be one of the simplest alternatives. With 
charged Higgs bosons, pseudoscalars and different decay modes and branching ratios, the 
experimental challenges will be quite different than in the Standard Model. While it may 
not be possible to completely probe the entire parameter space of the various 2HDMs at 
the LHC, most of the parameter space can be probed, and this is further incentive for a 
review of the various forms of the 2HDM and their experimental signatures. 

We shall explicitly exclude supersymmetric models from this review. The Higgs sec- 
tor of supersymmetric models is extremely well-studied and Djouadi has written a 
very comprehensive review of it. We shall also not include models with scalar SU(2) sin- 
glets in addition to the two doublets, since those models usually include many additional 
parameters. 

In general, the vacuum structure of 2HDMs is very rich. The most general scalar 
potential contains 14 parameters and can have CP-conserving, CP-violating, and charge- 
violating minima. In writing that potential one must be careful in defining the various 
bases and in distinguishing parameters which can be rotated away from those which 
have physical implications. However, most phenomenological studies of 2HDMs make 
several simplifying assumptions. It is usually assumed that CP is conserved in the Higgs 
sector (only then can one distinguish between scalars and pseudoscalars), that CP is 
not spontaneously broken, and that discrete symmetries eliminate from the potential all 
quartic terms odd in either of the doublets; however, usually one considers all possible real 
quadratic coefficients, including a term which softly breaks these symmetries. We shall 
also make those assumptions in the early chapters of this report but will subsequently 
discuss relaxing them. Under those assumptions, the most general scalar potential for 
two doublets $i and $2 with hypercharge +1 is 



where all the parameters are real. For a region of parameter space, the minimization of 
this potential gives 



V 




(2) 




(3) 



With two complex scalar SU(2) doublets there are eight fields: 




a = 1,2. 



(4) 
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Three of those get 'eaten' to give mass to the W"^ and gauge bosons; the remaining 
five are physical scalar ('Higgs') fields. There is a charged scalar, two neutral scalars, and 
one pseudoscalar. With the above minimum, the mass terms for the charged scalars are 
given by 

/ — -1 \ 

>C</,±mass = [ml2 " (A4 + >^5)VlV2] { 4>i , 02 ) ( Vi j ( 0+ ) ' 

V V2 / 

There is a zero eigenvalue corresponding to the charged Goldstone boson which 
gets eaten by the W^. The mass-squared of the 'charged Higgs' is 

= [m^2/ ('^i'^2) — A4 — A5] {vf + v^)- The mass terms for the pseudoscalars are given by 

,o(_::;-:p)(:). m 

This gives a pseudoscalar Goldstone mode together with the mass-squared of the physical 
pseudoscalar, m\ = ['^^/('^I'^s) — 2A5] {vf + Note that, when = A5 = 0, 
the pseudoscalar becomes massless. This is due to the existence, in that limit, of an 
additional global U(l) symmetry which is spontaneously broken. Finally, the mass terms 
for the scalars are given by 

.2 ^2 , , o 



C.m^s = - ( Pi, P2 ) I /I , , ^1 , . 2 I ( ) ' 




niL h XiVi 

Vl 

with A345 = A3 + A4 + A5. The mass-squared matrix of the scalars can be diagonalized 
and the angle a is defined to be the rotation angle that performs that diagonalization. 
Perhaps the single most important parameter in studies of 2HDMs is 

tan/3 = — . (8) 
^^1 

The angle /3 is the rotation angle which diagonalizes the mass-squared matrices of the 
charged scalars and of the pseudoscalars. If one redefines the doublets as Hi = cos /3 $i + 
sin /3 $2 and H2 = — sin/3$i + cos/3<l'2 5 one finds that the lower component of Hi has 
a (real and positive) vev v/y/2, where v = {vf + V2)^^'^, while H2 has null vev. The 
two parameters a and /3 determine the interactions of the various Higgs fields with the 
vector bosons and (given the fermion masses) with the fermions; they are thus crucial 
in discussing phenomenology. Still, one should keep in mind the assumptions that were 
made in defining them. 

In this review, we shall begin by discussing the phenomenology of the above restricted 
version of the 2HDM. A feature of general 2HDMs is the existence of tree-level fiavour- 
changing neutral currents (FCNC). One can avoid these potentially dangerous interactions 
by imposing discrete symmetries in several possible ways. In chapter [21 the phenomeno- 
logical analyses of 2HDMs without tree-level FCNCs are presented, including decays and 
production of neutral scalars and pseudoscalars, bounds from LEP and the Tevatron, and 
expectations for the LHC 
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If one does not impose discrete symmetries, then there are tree-level FCNCs in the 
2HDM. A prototype model of this kind, the so-called type III 2HDM, is discussed in 
chapter [3l along with other such models, such as the Branco-Grimus-Lavoura (BGL) 
model and models of Minimal Flavour Violation. 

All 2IIDMs have charged scalar bosons ('charged Higgses'). An analysis of charged- 
Higgs production and decay, for all the 2HDMs of chapter [2], is presented in chapter HI 
this is followed by a discussion of charged-Higgs phenomenology in models with tree-level 
FCNC. 

In chapter 5 we relax the rather strict assumptions made in this Introduction and in 
chapters [2] to HI An analysis of the full scalar potential, including the vacuum structure 
with or without CP violation and the possible symmetries one can impose on the potential, 
is presented. 

As noted earlier, the 2HDM offers possibilities for new sources of CP violation. This 
is analysed in some detail in chapter |6l In particular we discuss the weak-basis invariant 
conditions for the 2HDM Lagrangian to be CP invariant and we present a minimal realistic 
extension of the Standard Model, with spontaneous CP violation. 

In chapter [8] we briefly summarize some of our conclusions. Some isolated topics 
that the reader may want to consult separately — constraints on the parameters of the 
potential from unitarity, renormalization-group running of the parameters of 2HDMs, 
and contributions to the oblique parameters from the scalar sector of 2HDMs — are left to 
appendices. 
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2 Models with natural flavour conservation 



The most serious potential problem facing all 2HDM^ is the possibility of tree level 
flavour- changing neutral currents(FCNC). For example, the Yukawa couplings of the Q = 
— 1/3 quarks will, in general, be 

Cy = ylj^Pi^j^i + yiji'iijj'^2, (9) 
where i,j are generation indices. The mass matrix is then 

M.,=y^,^ + 4.^. (10) 

In the Standard Model, diagonalizing the mass matrix automatically diagonalizes the 
Yukawa interactions, therefore there are no tree-level FCNC. In 2IIDMs, however, in 
general and y"^ will not be simultaneously diagonalizable, and thus the Yukawa couplings 
will not be flavour diagonal. Neutral Higgs scalars (p will mediate FCNC of the form, for 
example, dscj). 

These FCNC can cause severe phenomenological difficulties. The ds(j) interaction, for 
example, will lead to K-K mixing at tree level. If the coupling is as large as the b-quark 
Yukawa coupling, the mass of the exchanged scalar would have to exceed 10 TeV ES]- 
Nonetheless, under reasonable assumptions, models with these FCNC may still be viable. 
They will be discussed in the next chapter. In this chapter, however, we will assume that 
tree level FCNC are completely absent, due to a discrete or continuous symmetry. 

It is easy to see that if all fermions with the same quantum numbers (which are thus 
capable of mixing) couple to the same Higgs multiplet, then FCNC will be absent. This 
was formalized by the Paschos-Glashow-Weinberg theorem [271 [2H] which states that a 
necessary and sufficient condition for the absence of FCNC at tree level is that all fermions 
of a given charge and helicity transform according to the same irreducible representation 
of SU{2), correspond to the same eigenvalue of T3 and that a basis exists in which they 
receive their contributions in the mass matrix from a single source. In the Standard Model 
with left-handed doublets and right-handed singlets, this theorem implies that all right- 
handed quarks of a given charge must couple to a single Higgs multiplet. In the 2HDM, 
this can only be ensured by the introduction of discrete or continuous symmetries. 

Looking at the quark sector of the 2HDM, there are only two possibilities. In the 
type I 2HDM, all quarks couple to just one of the Higgs doublets (conventionally chosen 
to be $2)- In the type II 2HDM, the Q = 2/3 right-handed (RH) quarks couple to one 
Higgs doublet (conventionally chosen to be $2) and the Q = —1/3 RH quarks couple to 
the other ($1). The type I 2HDM can be enforced with a simple $1 — t- —$1 discrete 
symmetry, whereas the type II 2HDM is enforced with a $1 — )■ —^i,d^^ — t- — c/^ discrete 
symmetry. Note that the original Peccei-Quinn models as well as supersymmetric models 
give the same Yukawa couplings as in a type II 2HDM, but do it by using continuous 
symmetries. 

We will in this chapter consider that there is no CP violation in the vacuum expectation 
values (vevs) of the scalar doublets $1,2- This means that vi^2 will be assumed to be both 

^AU multi-Higgs-doublet models in general face this potential problem. 
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real and (without loss of generality) non-negative. Thus 

*■=( ,r 

^ V (^i + Pi + ^^i)/v2 

with v\ = V cos /3 and f 2 = f sin /3. Then, the neutral Goldstone boson is (j° = r/i cos /3 + 
?72sin/3. The linear combination of the 77^ orthogonal to is the physical pseudoscalar 

y4 = r^i sin/3 — 772 cos/3. (12) 

The physical scalars are a lighter and a heavier if, which are orthogonal combinations 
of p\ and Pi: 

h = pi sin a — P2 cos a, (13) 

H = — pi cosa — P2 sina. (14) 

Notice that the Standard-Model Higgs boson would be 

i/SM _ picos/3 + p2sin/3 

= sin (a — /3) — /i cos (a — /3). (15) 

As shown by Carena and Haber [29], one can, without loss of generality, assume that 
/3 is in the first quadrant, i.e. that both vi and V2 are non-negative real; also, one can add 
77 to a, i.e. invert the sign of both the h and H fields, without affecting any physics. In 
the tree-level MSSM, a is in the fourth quadrant, but this is not the case in the general 
2HDM, therefore we will choose a to be either in the first or the fourth quadrant. We 
will choose our independent variables to be tan /3 and a, which are single valued over the 
allowed range. 

It is conventionally assumed, in discussions of type I and type II 2HDMs, that the right- 
handed leptons satisfy the same discrete symmetry as the d^^ and thus the leptons couple to 
the same Higgs boson as the Q = —1/3 quarks. However, the Glashow- Weinberg theorem 
does not require this, and there are two other possibilities. In the "lepton-specific" model, 
the RH quarks all couple to $2 and the RH leptons couple to $1. In the "flipped" model, 
one has the Q = 2/3 RH quarks coupling to $2 and the Q = —1/3 RH quarks coupling to 
$1, as in the type II 2HDM, but now the RH leptons couple to $2- The phenomenology 
of these models is, as we will see, quite different. In one of the earliest papers |3D], the 
names "Model HI" and "Model IV" were used for the flipped and lepton-specific models, 
respectively. The term "Model HI", however, has become associated with the 2HDM 
with tree-level FCNCs (the subject of Chapter HI). In other early papers [311 |32l 133] . 
the terms "Model I" and "Model II" were used for the lepton-specific and flipped models 
respectively, and in even earlier works [HU [35], the terms HA and IIB were used. More 
recently [36], the terms type X and type Y were used for the lepton-specific and flipped 
models. The four models which lead to natural flavour conservation are presented in 
Table [1] It is straightforward to find a Z2 symmetry which will ensure that only these 
interactions exist. 

In a somewhat related work, Pich and Tuzon [371 ES] simply assumed that the Yukawa 
coupling matrices of $1 and $2 in flavour space are proportional. This then eliminates 
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Model 








Type I 


$2 


$2 


$2 


Type II 


$2 


$1 


$1 


Lepton-specific 


$2 


$2 


$1 


Flipped 


$2 


$1 


$2 



Table 1: Models which lead to natural flavour conservation. The superscript i is a gener- 
ation index. By convention, the always couple to $2- 

all tree-level FCNC, and gives three arbitrary proportionality constants. Note that this 
assumption is ad hoc and, in general, is not radiatively stable ^39] - one would obtain FCNC 
couplings being generated radiatively, as was analysed recently in Ref. [ID]. However, 
Serodio has recently proposed a UV completion of the Pich-Tuzon model [H]. And 
Varzielas [H] has studied how family symmetries in multi-Higgs doublet models may give 
a justification for the alignment hypothesis. Each of the four models (as well as the 
Inert Doublet model discussed later) then arises as a specific choice of the proportionality 
constant (and only these choices allow for a symmetry |39]). Another recent, very general, 
formulation in which the various models are special cases is shown in Ref. |13]. One 
should keep in mind that even if a 2HDM without FCNC is correct, it will take some 
time to determine all of the couplings to determine which 2HDM it is, and the Pich- 
Tuzon parametrization might be a valuable guide for phenomenologists. In addition, the 
Pich-Tuzon parametrization might arise in other models; for example, the three doublet 
model of Cree and Logan |44J reproduces the Pich-Tuzon model in its charged Higgs 
Yukawa couplings. Of particular interest is the fact that if the proportionality constants 
are complex, one has CP violating effects. It has been noted [381 135] that loop corrections 
induce flavour changing currents of the Minimal Flavour Violation form, and bounds 
on the charged-Higgs mass were discussed. A similar approach was recently used by 
Mahmoudi and Stal [IB], who studied the constraints on the charged-Higgs mass from 
meson decays and FCNC transitions, using a more general model-independent approach, 
getting results in the four models as special cases. 

The Yukawa couplings can now be determined. In the Standard Model, the coupling 
of the fermion / to the Higgs boson is mj/v. Following the notation of Aoki et al. [36] . 
we define the parameters ^1,^h,C,a through the Yukawa Lagrangian 

f=u,d/ 

u {nXuCA^L + m.elPi?) dH+ + ^^^^^ l7Z^RH+ + H.c. |(16) 

where Pl/r are projection operators for left-/right-handed fermions, and the factors ^ are 
presented in Table [2l 

In all models, the coupling of the neutral Higgs bosons to the W and Z are the same: 
the coupling of the light Higgs, /i, to either WW or ZZ is the same as the Standard-Model 
coupling times sin(/3 — a) and the coupling of the heavier Higgs, if, is the same as the 
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Table 2: Yukawa couplings of u,d,i to the neutral Higgs bosons h,H,A in the four 
different models. The couplings to the charged Higgs bosons follow Eq. [161 

Standard-Model coupling times cos{a — (3). The coupling of the pseudoscalar, A, to vector 
bosons vanishes. 

In this section, we will summarize some of the work done on these four models, and 
will follow with a more detailed discussion in the following sections. 

There are relatively few studies which directly compare all four models. One of the 
earliest papers to mention all four models was by Barger, Hewett and Phillips [30], who 
studied the charged-Higgs phenomenology but assumed fairly light top quarks. The fa- 
mous Higgs Hunter's Guide mentions all four, but concentrates only on the type I and 
type II 2HDMs. Grossman [31] also discusses all four models, but focuses on models with 
more than two doublets, and concentrates on the on the charged Higgs sector. Akeroyd 
has several papers in which all four models are discussed. In an early paper with Stir- 
ling [32], the phenomenology of the charged Higgs boson at LEP2 was analysed in each 
model, and this was followed ^33] by a study of the neutral sector at LEP2. In addition, 
he looked [IH] at LHC phenomenology in all four models, focusing in particular on the 
Higgs branching ratios to 77 and rr. More recently, Barger, Logan and Shaughnessy [50] 
performed a comprehensive analysis of the couplings in all models with natural flavour 
conservation, including doublets and singlets; the four models appear as special cases. 

There are two recent papers comparing Higgs decays in all four models. Aoki et al. [36] 
study the decays of the Higgs bosons in each model, summarize current phenomenological 
constraints and look at methods of distinguishing the models at colliders, although they 
focus on the type II and lepton-specific models and assume that the heavy Higgs bosons 
are not too heavy (typically with masses below 200 GeV). Arhrib et al. [5T] study the 
decays of the light Higgs in each model, although the main point of their work concerns 
double-Higgs production at the LHC. 

Recently, a new computer code was written by Eriksson et al. [S2]- The code allows one 
to input any of the different Z2 symmetries, or even more general couplings, and calculates 
all two-body and some three-body Higgs boson decays, and the oblique parameters S, T 
and U and other collider constraints. 

The least studied model is the flipped model (the word was coined in Ref. [5D]); even 
works that discuss all four models generally focus less on this structure than the others. 
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The only paper dedicated entirely to the flipped model was the very recent article of 
Logan and MacLennan ^3]. They studied the charged-Higgs phenomenology in that 
model, including branching ratios and indirect constraints and analyse prospects at the 
LHC. 

The lepton-speciflc model was flrst discussed in two papers by Barnett et al. jHl 
l35] in the context of extremely light Higgs scalars. The model was recently analysed 
extensively by Su and Thomas [51] . They studied theoretical and experimental constraints 
on the model and showed that there can be substantial enhancement of the couplings 
between the charged leptons and the neutral Higgs scalar. Logan and MacLennan [55] 
considered the constraints on the charged-Higgs mass, with bounds arising from lepton 
flavour universality and direct searches, and discuss prospects at the LHC. Goh, Hall and 
Kumar p6] discussed whether a lepton-speciflc model could explain the leptonic cosmic- 
ray signals seen by PAMELA and ATIC, and studied the implications for the LHC. A 
very recent analysis of this possibility, including analyses of astrophysical results and 
direct dark matter detection, can be found in the work of Boucenna and Profumo [57] . 
In another analysis, Cao et al. [5H] assumed that the 3cr discrepancy [SH] between theory 
and experiment in the g — 2 oi the muon is primarily due to the lepton-speciflc model — 
this requirement substantially reduces the available parameter space, forcing the model 
to have a very light pseudoscalar and very large values of tan/3, and they analysed this 
parameter space. Finally, Aoki et al. [60] looked at neutrino masses and dark matter in 
the lepton-speciflc model, but did add singlets. 

The type I 2HDM [6T] is the second most studied]^ In the quark sector, it is identical 
to the lepton-speciflc model, thus many results from studies of the type 1 2HDM apply 
to the lepton-speciflc as well. A special limit of the type 1 2HDM is a = 7r/2, in which 
case the fermions all completely decouple from the lightest Higgs; this limit is referred 
to as the fermiophobic limit. Note that even in this limit, the coupling does reappear at 
the one-loop level, but it will in any event be very small. Later in this chapter, it will be 
shown that in the inert doublet models, this limit can be obtained exactly. The earliest 
discussions of the fermiophobic limit in the context of imminent Tevatron data were those 
of Stange et al. [63], of Diaz and Weiler [64] and of Barger et al. [65], who looked at Higgs 
production and decay through photon loops. Shortly thereafter, Akeroyd [66] studied 
the other phenomenological implications during the early Tevatron runs. Briicher and 
Santos |67] mentioned all four models, but then focused on the fermiophobic limit of the 
type I 2HDM, studying the decays of the various Higgs bosons and the constraints on the 
model from LEP 2. The same authors together with Barroso [681 El] used the possibility 
of a fermiophobic Higgs to look at /;,—)■ 77 in two different versions of the type I 2HDM, 
showing that this decay could distinguish between them. 

Moving away from the fermiophobic limit, there are many papers looking at the type I 
2HDM. A very early discussion of the fermiophobic, gauge-phobic and fermiophilic limits 
was given by Pois, Weiler and Yuan [70] , who studied top production below the tt threshold 
in Higgs decays. The Higgs Hunter's Guide [1^ contains some analysis (although they 
focus on the type II 2HDM and the MSSM), but this was before the top mass was known 
to be very heavy. In a series of papers, Akeroyd and collaborators [TH [72l [73], HH [H] 

^Recent developments in string phenomenology suggest that a type I 2HDM is generic among the 
vacua of the heterotic string, providing new motivation for study of this model. 
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considered Higgs decays into lighter Higgs bosons, charged-Higgs decays into a W and 
a pseudoscalar, double-Higgs production, Higgs decays to 77, r+r" at the LHC, and the 
possibihty of a very hght Higgs, respectively, all in the context of the type I 2HDM. There 
have also been studies of the contribution to the anomalous magnetic moment of the muon 
in the type I 2HDM [TSl [76]. 

The type II 2HDM is by far the most studied, since it is the structure present in super- 
symmetric models. A voluminous Physics Reports review article in 2008 by Djouadi [23] 
analyses the Higgs bosons of the MSSM in great detail. We will not discuss the MSSM 
Higgs structure and phenomenology in this work, and refer the reader to Djouadi's review 
article. Here, we will only focus on the differences between the general type II 2HDM and 
the MSSM. 

The most crucial difference is that the general type II 2HDM does not have a strict 
upper bound on the mass of the lightest Higgs boson, which is an important characteristic 
of the MSSM. In addition, the scalar self-couplings are now arbitrary. Another important 
difference is that the mixing parameter a, which in the MSSM is given in terms of tan/3 
and the scalar and pseudoscalar masses, is now arbitrary. Finally, in the MSSM the 
charged- scalar and pseudoscalar masses are so close that the decay of the charged Higgs 
into a pseudoscalar and a real W is kinematically forbidden, while it is generally allowed 
in the type II 2HDM (although see Ref. [TTJ [78| for possible exceptions). 

The Higgs Hunter's Guide has numerous phenomenological bounds on the type II 
2HDM, but they have become quite outdated. There have been several more recent 
works [Zni Eni El] on B ^ ^sl', the work by Misiak [81] would also apply to the lepton- 
specific model. A recent summary of bounds on the charged-Higgs mass in the type II 
2HDM is by Krawczyk and Sokolowska [82], and detailed analyses of charged-Higgs pro- 
duction at hadron colliders can be found in Refs. [831 Ell ES] . Asakawa, Brein and Kane- 
mura [BS] compare associated W plus charged Higgs production in the type II 2HDM with 
that in the MSSM. As noted above, the decay of the charged Higgs into a pseudoscalar 
and a is forbidden in the MSSM, but not in the more general type II 2HDM, and a 
detailed study of that decay is found in Ref. [72], which also discusses the type I 2HDM. 
Krawczyk and Temes [87] studied constraints from leptonic tau decays. Finally, a very 
recent study by Kaffas, Osland and Ogreid [88] looked at all these (and other) processes 
in a very comprehensive analysis of the type II 2HDM parameter space. There are many 
additional papers on the type II 2HDM; their results will be discussed in subsequent 
sections. 

In addition, there is another model which has natural flavour conservation, in which 
the quarks and charged leptons all couple to $2, but the right-handed neutrino couples 
to $1. In this model, there are Dirac neutrino masses, and the vacuum expectation value 
of $1 must be 0(eV). The only way to have such a small vev is through an approximate 
symmetry. The model originally used a Z2 symmetry which was softly [89] or sponta- 
neously [90] broken, but this allows for right-handed neutrino masses. Extending the 
symmetry to a U{1) and breaking it softly (to avoid a Goldstone boson) gives the model 
of Davidson and Logan [HI]. An interesting question concerns the effects of quantum 
corrections to the small vacuum expectation value and that is discussed in Ref. [92] . The 
phenomenology of this model (which is basically the type I 2HDM with a right-handed 
neutrino added) is quite interesting, especially in the charged-Higgs sector, and will be 
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discussed subsequently. 

In this Chapter, we will first discuss the decays of the neutral Higgs bosons in the 
various models, followed by an analysis of the production of the neutral Higgs. Then 
the constraints due to both collider bounds as well as lower energy processes (such as 
B decays, b production, the anomalous magnetic moment of the muon, etc.) will be 
presented. Finally, the "inert" doublet model will be discussed. 
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2.1 Higgs decays 



The key methods of distinguishing the various 2HDMs from each other and from the 
Standard Model involve the branching ratios in Higgs decays. In this section, we will 
focus on the decays of the neutral scalars {h, H, A) of the 2HDM. In the Standard Model, 
the Tevatron is sensitive to the bb, WW, ZZ Higgs decays, whereas at the LHC the decays 
77, WW, ZZ are more important. The branching ratios and total width of the Standard 
Model Higgs are very well studied; the most comprehensive analysis is found in the recent 
review of Djouadi [93]. The results are in Fig. [1] One can see that the WW and ZZ decays 




Figure 1: The branching ratios for the decay of the SM Higgs boson as a function of its 
mass. 

are dominant for Higgs masses above 160 GeV; they would provide the best signature at 
either the Tevatron or the LHC. Below 160 GeV, the bb branching ratio is more important 
at the Tevatron, but that decay mode is swamped by large backgrounds at the LHC, which 
must rely on the 77 mode in the low-mass range. 

We now must look at branching ratios in 2HDMs. As shown in the last section, the 
branching ratios will not depend exclusively on the masses, but also on a and (3. This 
makes plots of the various branching ratios necessarily incomplete. Ignoring, for now, 
the possibility of heavy Higgs bosons decaying into lighter ones, one has branching ratios 
depending on niH, a and /3 for each Higgs {h,H,A) and for each model. This makes a 
comprehensive analysis difficult. 

How have other authors dealt with this previously? In the comprehensive review of all 
four models by Aoki et al. |3S] , they plotted the branching ratios of H and A for each of the 
four models as a function of tan /3, setting the mass to 150 GeV and cos(a — /3) = 0. In this 
limit, the decays of the H and A to WW and ZZ vanish. While certainly an interesting 
and important limit, this does correspond to a single point in the two-dimensional mass- 
cos(« — /3) parameter space. Akeroyd [49j plotted the branching ratio of the light Higgs 
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as a function of tan /3, but also chose only a few points in the parameter space. In their 
analysis of the lepton-specific model, Su and Thomas chose a specific benchmark point 
for a. and /3 and plotted the branching ratios as a function of the mass. These are just 
some examples. 

In order to cut down on the complexity of the graphs, we will not display decay modes 
which can never be seen at the LHC and Tevatron (at least within the next decade), 
although they will be included in the computation of the branching ratios. Long before 
these modes could be measured, many of the parameters of the 2IIDM will be known, 
and more comprehensive analyses will be done. Thus, we will only consider decays into 
tt, 66, WW, TT and 77 (and possibly into other Higgs bosons). In fact, 

• In the type I and type II 2HDMs the ratio of the rr to 66 modes is fixed at m^/3m^. 
Using the fact that one must use the running 6-quark mass at the 100 GeV scale 
(which is approximately 3.0 GeV) and including radiative corrections, this ratio is 
fixed at approximately 10%, and thus we will not explicitly include the rr mode in 
the figures. 

• The decay width into ZZ is related to the one into WW by only the weak mixing 
angle and phase-space factors, and thus will have the same ratio as in the Standard 
Model. As a result, the branching ratio into ZZ will not be directly displayed. 

• The decay into gluons (while important in production) can't be directly measured 
due to very large backgrounds. 

• Other decay modes, such as cc, Z7 and fifi, have either too small branching ratios 
or too large backgrounds. 

Again, only neutral Higgs fields will be discussed in this Chapter. 

In all four of the 2HDMs, a lower bound on tan/3 of roughly 0.3 can be obtained 
from the requirement that the top-quark Yukawa coupling be perturbative. Since large 
Yukawa couplings have positive beta functions, if they start out large then they will ex- 
ceed the perturbative limit (as well as unitarity) at a relatively low scale (see section 15.71 
and appendix It is hard to see how a tan/3 near or below 0.3 can be accommodated. 
At the other extreme, in the type II 2IIDM, the bottom-quark Yukawa coupling will be 
nonperturbative if tan /3 exceeds roughly 100. In the context of the MSSM, Barger et 
al. ^94j and Carena et al. [95] showed that perturbative unification could be achieved for 
tan /3 < 60, but the MSSM has beta functions very different from those of the 2HDM. 
Kanemura and collaborators [96l [97] looked at bounds on tan /3 from perturbative unifi- 
cation in the non-supersymmetric 2HDM, and Akeroyd, Arhrib and Naimi [981199] looked 
for violations of tree-level unitarity in a large number of processes and concluded that 
values of tan /3 greater than 30 are disfavored, although there are some regions of pa- 
rameter space in which they are allowed. More recently, Arhrib et al. [51] argued that 
perturbative and unitarity constraints, in all four models, require that tan /3 < 6 for all 
but a very small region of parameter space, and this is confirmed in the work of Kaffas, 
Osland and Ogreid [HS]- Thus, we will focus on values of tan/3 between 1 and 6, but will 
mention the effects of larger tan /3 in a few instances. 
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One region of interest is the decoupling region. This is the region of parameter space in 
which the if, A and charged Higgs all are much heavier than the h, and it is thus possible 
to integrate out the heavy fields. The resulting effective theory is then like the Standard- 
Model Higgs sector, with corrections to the various couplings due to the heavy sector. 
This was discussed in detail by Gunion and Haber |100] . Later, Mantry et al. jlOl] and 
Randall |102] examined Higgs decays in the decoupling region and showed how one could 
obtain a measurable sensitivity to the high scale even if the heavy scalars are inaccessible 
at the LHC, pointing out the importance of accurate measurements of the branching 
fractions. 

2.1.1 Higgs decays in the type I 2HDM 

The type I 2HDM has the simplest discrete symmetry and its couplings can be easily 
described. The coupling of the light neutral Higgs, to fermions is the same as in the 
Standard Model but multiplied by cos a/ sin/3 while its couplings to WW and ZZ are 
multiplied by sin(a — For the heavy neutral Higgs, if, these factors are sin a/ sin/3 
and cos(a — /3), respectively. Thus one can determine the widths of the various decays 
by simple multiplication, with the exception of the 77 decay, in which the contribution 
of the W loop and that of the fermion loops are multiplied by their respective factors. 

There are a few interesting limits. If sin(a — /3) (cos(a; — /3)) vanishes, then the h 
(H) field is gauge-phobic, i.e. it does not couple to WW and ZZ, radically changing the 
phenomenology of Higgs decays. If cos a (sin a) vanishes, then the h (H) is fermiophobic. 
This is a particularly interesting limit, since then the 77 decay can become dominant well 
below the WW threshold. Although there is no symmetry that can enforce this limit (and 
a nonzero sin (a — /3) would be generated at one-loop if it is set equal to zero at tree level), 
the phenomenological implications are so dramatic that study of the limit is warranted Q 

For tan/3 = 1, the branching ratios of the light Higgs have been plotted in Fig. |2]for 
various values of the Higgs mass. One can clearly see that a = ±tt/2 is the fermiophobic 
limit, where the branching ratio to fermions vanishes, and that a = /3 is the gauge-phobic 
limit, where the branching ratios to WW and to ZZ vanish. Note that the branching ratio 
to 77 at the gauge-phobic point does not quite vanish since there is a small contribution 
from top-quark loops. 

For the light Higgs h we have considered masses ranging from 100 GeV to 190 GeV. 
An h heavier than 190 GeV may have problems with electroweak precision results jl03] . 
although in the 2HDM, such a heavy Higgs could be made compatible with these results, 
as discussed in Ref. |104j . An h lighter than 100 GeV might be allowed by the LEP 
data |105] if its coupling to ZZ were suppressed by a sufficiently small value of sin(a — /3); 
for instance, a 70 GeV h would be allowed |106j if sin^(a — /3) were no larger than 3%. 
For a recent discussion, see the work of Gupta and Wells |107] . Since phenomenological 
consistency is obtained only for a narrow range of a around the gauge-phobic point, we 
will not allow for rrih < 100 GeV in the plots, but any interesting physics of a lighter h 
will be discussed in the text. 

In the Standard Model, for a Higgs mass of 100 GeV, the decay to WW is heavily 

•^Notice, though, that this hmit corresponds to the inert model, in which only one of the doublets 
gains a vev. 
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Figure 2: The type-I 2HDM light-Higgs branching ratios into W pairs, diphotons and bb 
are plotted as a function of a for tan/3 = 1 and for various values of the Higgs mass (in 
GeV). In the left figure, the solid lines correspond to /i — )■ WW and the dashed lines to 
h — )• 77. 

suppressed since at least one of the Ws must be far off-shell, and the bb mode is dominant. 
Thus, as seen in Fig. |2l one must be very close to the fermiophobic limit in order for the 
bb branching ratio to be small. As the Higgs becomes heavier, the WW decay mode 
is less suppressed and eventually dominates; for larger Higgs masses, the decay into bb 
is very small except very close to the gauge-phobic point. Note that the bb branching 
ratio never reaches unity, even at the gauge-phobic point, due to the contribution of the 
gluonic decay (which depends on the coupling of the Higgs to the top quark). Comparing 
with the Standard Model decays, one can see that the relative branching ratios can differ 
substantially. 

For larger values of tan/3, the results look very similar, with slightly different slopes. 
The main difference is that the gauge-phobic point is at a = /3 and thus moves to the 
right. In the case of tan/3 = 30, the gauge-phobic and fermiophobic points are only 
two degrees apart, leading to very steep slopes in the curves (since the gauge-phobic and 
fermiophobic points cannot coincide, the Higgs will certainly decay, but in this case its 
width will be quite narrow). 

The diphoton decay, h — 77, has contributions from both W loops and t loops, there- 
fore it does not vanish in either the gauge-phobic or fermiophobic limit (the contribution 
of W loops in the Standard Model is substantially larger than that of top-quark loops, so 
the gauge-phobic limit does cause a suppression). An analysis of this mode in the type-I 
2HDM was carried out by Posch \108\ , who found that an enhancement over the Standard 
Model branching ratio of as much as 70% was possible. 

The fermiophobic limit is of special interest. Although the mass limit on the Standard- 
Model Higgs boson is 114.4 GeV |109] . this assumes that the coupling of the Higgs boson 



19 



to ZZ is not suppressed, and the bound can be much weaker if one is fairly close to the 
gauge-phobic limit. Many studies have been done concerning the possibility of a Higgs 
much lighter than 100 GeV in the fermiophobic limit. Note that the decay into WW 
drops off dramatically as the Higgs mass is below the W mass, therefore the fermiophobic 
limit leads to a dominant decay into 77 for these masses. CDF |110] and DO have 
published bounds on a fermiophobic Higgs (by looking for the diphoton mode) which are 
slightly over 100 GeV, but they still assume that the coupling to ZZ is not suppressed, 
which may not be the case (note that if ct = ±vr/2, then sin(Q; — /3) = ±cos/3 which can 
be quite small in the large tan/3 limit). 

In a comprehensive analysis, Akeroyd and Diaz [71] noted that if the coupling to gauge 
bosons is suppressed, then the coupling of the light Higgs to a charged Higgs and a W 
is not suppressed (one scales as sin(a — /3) and the other as cos(a — /9)) thus one can 
pair-produce the charged Higgs and from there a pair of light Higgs bosons. DO |112j has 
looked at this and found a lower bound on the light-Higgs mass, which is approximately 80 
GeV for a charged-Higgs mass below 100 GeV and approximately 50 GeV for a charged- 
Higgs mass below 150 GeV. This is based on less than a single fb~^, and will be improved 
substantially in the near future. Subsequently, Akeroyd, Diaz and Pacheco [73] looked 
at this process at the LHC, which would be particularly relevant if the charged Higgs 
boson were heavier. Finally, it was shown |113l [671 [68] that charged-Higgs loops can 
substantially alter the diphoton branching ratio in 2HDMs, although this depends on 
unknown scalar self-couplings, viz. on the coupling hH^H~ . Since one can see from 
Fig. [2] that the dominance of the diphoton decay mode (especially for a very light Higgs) 
will only occur if a is extremely close to ±7r/2, the region of parameter space is very 
small, but the signature is sufficiently dramatic that searches should continue. Note that 
the fermiophobic limit is only relevant for the type I 2HDM. 

Throughout the above we have neglected the possibility that the light Higgs can decay 
into other Higgs. In fact, in both the type I and type II 2HDMs there is a decay that could 
be important for a range of parameter space, and yet it has not, to our knowledge, been 
explored substantially. The range of parameter space will occur if the pseudoscalar mass 
Ma is less then mh — mz- Specifically, one can look for h — )■ ZA. This could occur if the 
pseudoscalar is very light (a few GeV) and the Higgs is near the current bound (this would 
fit electroweak precision tests better), or else if the pseudoscalar mass is comparable to the 
gauge-boson masses and the lightest Higgs scalar is considerably heavier. The h — )■ ZA 
decay has generally not been mentioned, and we know of no experimental searches for 
this mode (although it has been mentioned by DELPHI [114j ). The primary reason for 
this lack of attention is that the rate is proportional to cos^(a — /3), which is very small 
in the MSSM. But in the general 2HDM there is no reason that cos(a; — (5) is small. The 
width is given by@ 

V(h ZA) = (17) 
^ ' 647rm^ ^ ' 

where A = (1 — (m| — m\)/m\)'^ — Am\m\/m\. One can compare this with the more 



^Throughout this work, tt refers to the mathematical constant [115) . not the pion field. 
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well-known decay of the light Higgs to WW, which is (for decays into real gauge bosons) 

where A' = a/1 - 4x(l - Ax + 12x^), with x = M^/ml. For cos2(a - (3) > 1/2, ZA 
will actually dominate Higgs decays. The branching ratio is plotted in Fig. |3l for a range 
of h masses, choosing tan (3 = 1 and rriA = 5 GeV. One can see the dip at cos(q; — (3) = 0; 




Figure 3: Branching ratios of the light Higgs boson h into a Z and a pseudoscalar, for 
various values of the mass (in GeV) of h. The value of tan (3 is chosen to be 1 and the 
mass of the pseudoscalar is chosen to be 5 GeV. 

this is the region expected in supersymmetric models. At a = (3, one has the gauge-phobic 
limit, and thus the h — )■ ZA decay dominates (except at a Higgs mass of 100 GeV, where 
the bb decay is still substantial). For larger tan (3, as before, the maxima and minima 
simply shift to the right. For larger itla, the only change will be in A, but as long as the 
light Higgs is reasonably heavier than mz + rriA, there will be a range of parameters where 
this decay is large. 

One sees that there is a substantial range of parameters for which this relatively 
unstudied decay mode could be substantial, and even dominate. The only discussion of 
it that we are aware of is the analysis, in the type I 2HDM, by Akeroyd who looked 
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at the decay of a neutral scalar into a virtual Z and a pseudoscalar. There has been no 
analysis of detector capabilities. Even if the Z is real, the decay may be challenging |116j . 
At a hadron collider, the h longitudinal boost will not be known, so the Z will not be 
monoenergetic; moreover, the decays of the pseudoscalar may not be easy to observe 
(especially if it decays into b quarks). But if this is the dominant decay, further analysis 
is needed. As we will see below, the decay involving the heavier of the neutral scalars, 
H — )■ ZA has been discussed in detail, since this can also be substantial in supersymmetric 
models. 

What about Higgs decays into pairs of scalars? By definition, the H is heavier, but the 
pseudoscalar could be lighter, leading to /i — )■ AA. There has been substantial discussion 
of the possibility of a very light A, especially in a series of papers by Dermisek and 
Gunion |117i 11181 1119[ I120^ 1121] . One motivation is that precision electroweak fits prefer 
the light Higgs to be lighter than the 114 GeV bound, and this could be allowed if the 
h — )■ AA — 7- 4r or 4 jet signature exists. LEP has published [122j a bound of 82 GeV for 
the light Higgs, independent of decay modes (assuming one is not near the gauge-phobic 
limit), but there is still a substantial allowed window. If the A is heavier than twice the 
b quark mass, then bb decays will dominate. So bounds generally can be found for A 
masses between 4 and 10 GeV and Higgs masses between 80 and 115 GeV. The bounds 
are generally expressed in terms of ^, where 

= f t1 ' BR (/. ^ AA) [BR {A ^ r+r-)] ^ , (19) 
\9hvv / 

and in the bounds the range [0.1,1] is typically |123] considered for In the type I 
2HDM, however, will generally be smaller. The reason is that the A can, in the type I 
2HDM, decay into cc. Since the running c-quark mass at the 10 GeV scale isn't that much 
smaller than the r mass, the rates of cc and r+r" will be similar. Thus BR (A — )■ r~^r~) 
and, consequently, ^ will be smaller. This will not be the case in the type II 2HDM. We 
will not have much to say about this mode here, since it will depend on the completely 
arbitrary quartic couplings of the scalar potential (unlike the MSSM or NMSSM, where 
those couplings are specified). The experimental possibility of measuring these quartic 
couplings in the context of the four models discussed in this section was considered by 
Arhrib et al. [5l]. The possibility that this decay mode could suppress the other ones 
should be kept in mind. 

We now look at the other neutral Higgs bosons. The heavier neutral scalar, has 
a coupling to fermions proportional to sin a/ sin/3 and a coupling to vector bosons pro- 
portional to cos(q; — /3). These are identical to the couplings of the light Higgs, /i, if one 
shifts a to a — 7r/2. As a result, for the decay modes of H one may still use Fig. [2] after 
shifting the graph to the left by 7r/2 (recall that a shift by tt in a does not affect any 
physics). So the fermiophobic point will be a = and, for tan/3 = 1, the gauge-phobic 
point will be at a = — 7r/4. As tan /3 increases, just as in the case for /i, the gauge-phobic 
point moves towards the fermiophobic point. It should be emphasised that if there is a 
detection of a single scalar field with a mass of, say, 190 GeV, then it will be impossible 
to determine if it is an h or an H by looking at the decays, since they are identical after 
a redefinition of a. 
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Unlike the light Higgs field, however, the H can be substantially heavier. As can be 
seen from Fig. [2l the branching ratio into WW will be fairly constant for heavier masses, 
with a very sharp dip at the gauge-phobic point (which is now at a = — 7r/4 for tan [5 = 1). 
But, the branching ratio into fermions will change as the top-quark threshold is reached. 
In Fig. Hlwe have plotted the branching ratio of the H into hb and tt. Note that the curve 
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Figure 4: Branching ratios of the heavy Higgs boson into hh (solid lines) and tt (dashed 
lines), for various values of the heavy-Higgs mass. We have chosen tan/3 = 1. 

for H decays into hh at a Higgs mass at 200 GeV is identical to that for h decays in Fig. |2l 
shifted by 7r/2. As the Higgs mass increases, the branching ratio to hh decreases (except 
at the gauge phobic point) until the top-quark threshold is reached. As the threshold is 
reached, top quarks dominate (with a branching ratio of nearly 100% at the gauge-phobic 
point). 

Our previous discussion about Higgs bosons decaying into other Higgs bosons still 
applies. In this case, one can also have H ^ hh if h is light enough. Since this depends 
on unknown scalar self-couplings, we will not have much to say about this mode. The 
same is true for the H — )■ AA mode if the pseudoscalar is very light. 

It was noted above that the decay of the light Higgs into a Z and a light pseudoscalar 
has not been studied, primarily because it is small in the MSSM. However, the decay of 
the heavy Higgs into ZA has been discussed in detail by Dermisek and Gunion |124] and 
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by Kao et al. |125] . who note that it can, for a reasonable range of parameters, dominate 
the decays of the H. 

An interesting scenario that has, to our knowledge, not been studied is that the h 
and H could be very close in mass (a few GeV mass difference would be within the 
LHC experimental resolution). While fine-tuned, this possibility leads to the question of 
whether this could be distinguished from the Standard Model Higgs. If the decays into 
WW or ZZ are considered, then the h (H) will have a cos^(q; — f3) (sin^(Q; — /?)) factor in 
the decay rate, leading to a Standard Model decay rate if both are added. However, the 
production rate will depend on the top-quark coupling (since gluon fusion dominates), as 
will the 77 decay rate, leading to a more complicated and model dependent picture. This 
possibility deserves further analysis. 

Finally, one can look at the decays of the pseudoscalar. Here, all fermion couplings 
are multiplied by cot P, and there are no couplings to a pair of vector bosons. Thus, the 
branching ratios will be independent of a and /3, and are just given by fermion mass ratios 
and phase space. It should be remembered that all fermions are accessible (in the type I 
2HDM) and thus the branching ratio into t^t~ will always be similar (within a factor of 
two) to the one into cc. If the A is heavier than 10 GeV, then decays into bb will dominate 
(until the top-quark threshold is reached). Since it is difficult to detect bb at a hadron 
collider, one can look at other decays, such as r+r~, W^H^, Zh, ZH, gg, 77, Z7. A 
very comprehensive analysis of all these decays in the type I 2HDM can be found in the 
article by Kominis [126]. 

If the mass of the pseudoscalar is above nih + Mz, but below 350 GeV (when the decays 
into ti will start to dominate), a possible decay mode is A — )■ hZ. Given that there are 
no decays to a pair of vector bosons, and the decay into bottom quarks is suppressed by 
ml, this decay could be dominant over the region |126i 11271 1128j . The decay width is 
given in the Higgs Hunter's Guide [17]. It does depend on cos(a — /3)^ and one would 
expect the decay to dominate if it is kinematically accessible and if that quantity is not 
small. A recent discussion about detection at the LHC is in Ref. [107j . The other decays 
mentioned above are loop effects and will generally be small, but may be experimentally 
easier to detect. 

Kominis [126] has studied the diphoton decay channel and the Zh channel in the type I 
and type II 2HDMs and compared it with the results of the MSSM. He found that in the 
lower end of the mass range, due to the difficulty in seeing bb pairs at a hadron collider, 
the diphoton mode would be the most promising one. The process A — > hZ provides a 
very clear signature in the intermediate mass range in which the h is between 40 and 160 
GeV. These two modes are thus complementary. This work was done in 1994, and an 
updated analysis would be welcome. 

Recently, Bar-Shalom, Nandi and Soni |129] studied 2HDMs in which dynamical elec- 
troweak symmetry breaking is triggered by condensation of 4th generation fermions. Their 
models have one "heavy" doublet with a large vev and a "light" doublet with a much 
smaller vev. The heavy doublet couples to the 4th generation fermions and, in one of 
the models to the 3rd generation of fermions, in another to the top quark only, and in 
another to only the 4th generation fermions. The phenomenology is similar to the type 
I 2HDM. They study the phenomenology of the models, including precision electroweak 
measurements, rare decays and collider implications. 
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2.1.2 Higgs decays in the type II 2HDM 

The type II 2HDM is the most studied one, since the couplings of the MSSM are a subset 
of the couplings of the type II 2HDM. The coupling of the light neutral Higgs, /i, to 
fermions depends on the fermion charge. The coupling of the Q = 2/3 quarks is the same 
as in the type I 2HDM, i.e. it is the Standard- Model coupling times cos a/ sin/3. On the 
other hand, the coupling of the Q = —1/3 quarks and of the leptons is the Standard-Model 
coupling times — sin a/ cos/3. In the large tan/3 scenario, this means that the couplings 
of the Q = —1/3 quarks and of the leptons are much larger than in the type I 2HDM. In 
fact, one can see that the ratio of the bottom quark Yukawa coupling to that of the top 
quark is approximately tan a tan /3 times the same ratio for the type I 2HDM, and this 
can drastically affect the phenomenology. The couplings to gauge bosons are the same as 
in the type I 2HDM. Therefore, one still has the gauge-phobic limit for h if sin(Q; — /3) = 0, 
but there is no fully fermiophobic limit. If a = ±7r/2 (a = 0), then the h won't couple to 
the (5 = 2/3 quarks {Q = —1/3 quarks and leptons), but no choice of a will eliminate all 
couplings to fermions. 

The branching ratios of the light neutral Higgs are plotted in Fig. [5] for tan (3 = 1 and 
tan/3 = 6. Note that, as expected, the curves for tan /3 = 1 are very similar to those in 
Fig. |2]if one shifts a by 7r/2 and flips the sign. The 6-phobic value of a is zero in the 
type II 2HDM. At the 6-phobic point, say for a Higgs mass of 100 GeV, neither the bb nor 
the WW, ZZ modes are substantial. In this case, the cc and gluon-gluon decays dominate. 
Since neither can be seen at the LHC, we have not included them here, although a very 
similar figure with these modes included appears in Arhrib et al. [51] for rrth = 110 GeV 
and tan /3 = 1. 

Unlike the type I 2HDM, however, there is in this case a strong dependence on tan /3. 
In Fig. Owe also show the decays for tan/3 = 6. One sees that, as expected, the gauge- 
phobic point a = /3 moves to the right, and the 6-phobic point remains at a = 0. For a 
relatively light h, with a mass of 100 GeV, the enhanced coupling of the b quark when 
tan /3 = 6 causes the phase-space suppression of the WW decay mode to be quite dramatic, 
with virtually no WW pairs except at the 6-phobic point. Even at that point, the WW 
branching ratio is only around 10%, since the gluon-gluon decay goes through a top-quark 
loop which is not suppressed at the 6-phobic point, and thus becomes dominant. Still, 
slightly away from the 6- phobic point, the bb mode already dominates again although, for 
a light /i, the diphoton mode is not negligible. It is interesting to note that this model 
contains a sizable region of parameter space in which a light Higgs with a mass of 160 
GeV will still predominantly decay into b quarks rather than W pairs. 

For tan/3 = 30, the gauge-phobic point is extremely close to a = 7r/2, and the trend 
becomes even more dramatic, with the nih = 190 GeV curve becoming close to the 
rrih = 130 GeV curve of the tan /3 = 6 plot. At this point, even a relatively heavy h will 
have negligible couplings to WW or ZZ for most values of a. 

It should be kept in mind that the branching ratio into t~^t~ is approximately 10% of 
the one into bb. The backgrounds for the bb mode are huge at the LHC, rendering that 
decay mode very difficult to observe, while the backgrounds for r+r^ are much less severe 
and therefore, even if the bb mode cannot be seen at the LHC, h could still be detected 
through its decay to r+r~. 
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Figure 5: The type II 2IIDM light-Higgs branching ratios into W pairs, diphotons and bb 
are plotted as a function of a for tan/3 = 1 and tan/3 = 6 and for various values of the 
Higgs mass (in GeV). In the left-hand figures, the solid lines correspond to /i — )■ WW and 
the dashed lines to /i — )■ 77. The branching ratio into Z pairs has the same ratio to the 
one into W pairs as in the Standard Model. 
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As noted earlier, the recent review article by Djouadi pi] studies the Higgs phe- 
nomenology of the MSSM in great detail, and that is a special case of the type II 2HDM. 
Much of the analysis in that article will be relevant here. In the general case, there are 
some differences. In the MSSM, the light Higgs cannot be much heavier than 130 GeV, 
as it can here. In addition, a is determined in terms of other Higgs masses and /3 and 
is thus much more restricted. Nonetheless, the basic features shown in Fig. [5] are, for h 
masses at 130 GeV and below, also present in the MSSM. For large tan /3, the 66 decay 
mode dominates for most of parameter space. However, the MSSM (at tree level) does 
not allow a = 0, and thus the 6-phobic region does not occur. The major differences, 
then, are that the general type II 2HDM allows for a heavier h and that it also allows for 
the possibility that a fairly light h could still predominantely decay into W pairs. 

In the discussion of the type I 2HDM, we also discussed the decays of the light Higgs 
into a Z plus a pseudoscalar and of a light Higgs into two pseudoscalars. Nothing much 
changes in the type II 2HDM. One still has a region of parameter space in which h — )■ ZA 
can be substantial, and h — )■ A A can be significant if A is light. The only difference is 
that if the A has a mass between 4 and 10 GeV, then its branching ratio into r+r~ will 
be larger for large tan/3, facilitating detection. 

Turning to the other neutral Higgs bosons, one can see that the couplings of the heavier 
scalar H are identical to those of the h if one replaces a by a — 7r/2. Thus the decay 
modes of the if, if it is lighter than 200 GeV, will be identical to those in Fig. [5] after a is 
shifted to the left by 7r/2. For heavier H fields, however, there is a substantial difference 
between the type I and type II 2HDMs. This is because in the type II 2HDM, the ratio 
of the branching fraction into bottom quarks compared to the one into top quarks varies 
as tan^ /3 tan^ a compared with the type I 2HDM. In addition, the 6-phobic and t-phobic 
points do not coincide. For tan /3 = 1, the results for the tt mode are identical to those in 
Fig. m and the results for the 66 are the same but with a shifted by 7r/2 (so the 6-phobic 
points are at a = ±7r/2). In Fig. El we plot the branching ratios of the heavy Higgs into 
fermions for tan /3 = 6 and tan /3 = 30. Again, one sees that the t-phobic and 6-phobic 
points are now different. There is here a striking difference between the type I and type II 
2HDMs. 

The pseudoscalar does not decay into gauge bosons, and thus it will decay into the 
heaviest fermions accessible, as in the type I 2HDM. However, now the decay to Q = —1/3 
quarks (Q = 2/3 quarks) will be multiplied by tan^/3 (cot^/3), and for large tan/3 this 
will strongly suppress the coupling to top quarks. In fact, for tan/3 greater than about 
6-7, the decay into bottom quarks will always exceed that into top quarks. 

Thus, for tan/3 near 1, the results for pseudoscalar decay are identical to those of 
the type I 2HDM. For a pseudoscalar mass in between 4 and 10 GeV, the main decay 
mode is r+r^, with a comparable branching ratio into cc. Above 10 GeV, the principal 
decay is into 66 (with r+r~ being approximately 10% of 66). As discussed in detail by 
Kominis |126] . it might be easier, in this mass range, to look for the one-loop diphoton 
mode. Once the mass exceeds 200 GeV, A — )■ hZ becomes possible, and then above 350 
GeV, decays into top quarks dominate. 

For tan/3 much larger, say larger than 10, the decay of a 4-10 GeV pseudoscalar 
is almost entirely into r+r~, due to the absence of charm decays. Above 10 GeV, 66 
dominates, and this domination continues for all masses; since the 66 mode is difficult 
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Figure 6: Branching ratios of the heavy Higgs boson into fermions for tan /3 = 6, 30. 
The sohd (dashed) hnes are the branching ratios into bb (tt) for various values of the 
heavy-scalar mass. 

to observe at the LHC, it may be necessary to look at the diphoton mode to find the 
pseudoscalar. Kominis |126] discusses these possibilities in detail. 

It is straightforward to see (as discussed above) how the results of this section can 
be expanded to larger values of tan (3 — the results do not change substantially, except for 
the ratio of h decays into bottom quarks relative to top quarks. For a much more recent 
discussion with many references, which look at both the CP-conserving and CP-violating 
models, see the papers of Kaffas, Osland and Ogreid |130[ 188] . 

There is a class of models in which the electroweak symmetry is broken by the con- 
densation of a strongly coupled fermion sector. Although this sector could come from 
a fourth generation, it need not. As noted originally by Luty |131j . if this strongly in- 
teracting sector respects isospin invariance, then the resulting low energy theory is a 
two-Higgs doublet model. Using an RG-improved Nambu-Jona-Lasinio model, Burdman 
and Haluch |132j studied the effective low-energy scalar sector. They found that, not 
surprisingly, the scalars are all fairly heavy (in the 600-800 GeV region), but also found 
that the pseudo-scalar is light, with a mass ranging from 10 to 120 GeV. They discuss 
the phenomenology of the model, including precision electroweak fits, and find it similar 
to a type II 2HDM with an unusual mass spectrum and with tan /3 ~ 1. 

2.1.3 Higgs decays in the lepton-specific 2HDM 

The couplings of the quarks to the Higgs bosons in the lepton-specific (LS) 2HDM are 
identical to those in the type I 2HDM, but the couplings of the leptons are quite different. 
In the previous models, the branching ratio into r+r" was roughly 10% of the branching 
ratio into bb for all values of the parameters. This is not the case in the LS 2IIDM. 
There are two major differences between the LS 2HDM and the type I 2HDM. Firstly, 
the branching ratio of the h into r+r~ can be much larger and, compared with the 
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Figure 7: Branching ratios of the hght Higgs boson in the lepton-specific 2HDM. We have 
taken tan/3 = 1. In the left figure, the sohd (dashed) hues are the branching ratios into 
WW (77); in the right figure, the sohd (dashed) hues are the branching ratios into bb 
(r+r^) for various values of the Higgs-boson mass. 

branching ratio into bb, grows as tan^ /3 cot^ a. Secondly, the 6-phobic value of a is ±7r/2, 
whereas in the LS 2HDM, the r-phobic value of a is 0. This can dramatically affect the 
phenomenology — the r"^r~ branching ratio can exceed that of bb even for values of tan/3 
near unity. 

As in the type I 2HDM, the h field {H field) will be gauge-phobic if sin(a — P) 
(cos(a — (3)) vanishes. 

In Fig. [3, we have plotted the branching ratios of the light Higgs, h, into WW, 77, 
bb and r^r~ for various h masses, assuming tan/3 = 1. With such a low tan/3, one 
might expect that there would be relatively little contribution from the t~^t~ mode. 
However, since the r-phobic and 6-phobic points are different, one can see that near the 
6-phobic point, the r+r~ mode dominates the decays of the h for rrih = 100 GeV. This 
is understandable, since the WW mode is phase-space suppressed and one is near the 
6-phobic point. Thus, near a = ±7r/2, the t~^t~ mode supersedes the other branching 
ratios. Note that away from this point, the curves look virtually identical to those in the 
type I 2HDM, Fig. [21 as expected. Su and Thomas [Mj have pointed out that the region 
of parameter space near the 6-phobic point will violate perturbativity or vacuum stability 
in the limit where the H and A fields are quite heavy. They studied the LHC discovery 
potential of the LS 2HDM in the case where the low-energy spectrum only contained one 
light Higgs boson. 

One can also look at larger values of tan /3, where the coupling to rs will increase 
substantially. We have plotted the branching ratios into fermions for tan /3 = 6 in Fig. [HI 
One sees a dramatic increase in the t~^t~ mode away from the r-phobic point. In fact, 
even for a Higgs mass of 160 GeV, there is a range of a [33] for which the r+r" mode is the 
dominant decay. The fact that the curves do not add up to 100% is due to our not having 
included the gluon-gluon and cc decay modes in the figure; these cannot be measured 
easily at the LHC. The paper of Arhrib et al. [51] has very similar figures which (for a 
specific h mass of 110 GeV) show these decays as well. By comparing this figure with 
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Figure 8: Branching ratios of the hght Higgs boson into fermions in the LS 2HDM with 
tan/3 = 6. The sohd (dashed) hnes are the branching ratios into bb (r^r^) for various 
values of the Higgs-boson mass. 



Fig. [71 one can see the pattern for very large tan/3. For tan/3 = 100, for example, which 
is still allowed by perturbation theory (although, as noted earlier, may have difficulties 
with tree- level unitarity), the t~^t~ mode would completely dominate the h decays for all 
masses for all masses of h, except very close to a = 0. A comprehensive analysis of the 
r+r^ decay mode at the LHC can be found in the papers of Belyaev et al. |133l 1134] . 
They note that if decays to gauge bosons are kinematically forbidden, and decays to other 
Higgs bosons are not allowed, then one can write a simple formula: 

sin^a , _ 

— — BR (/isM ^ r+r ) 

BR ih ^ T+T-) = ^^V^- ^. (20) 

' sm a cos a;\„„ ,, , , cos a 



BR(/isM^r+r-) + - 



cos^ p sm p J sm p 

This equation works well for Higgs masses below 130 GeV. Above that mass, WW* decays 
can become important. A recent study of multi-tau-lepton signatures can be found in the 
work of Kanemura, et al. [135] . 

A decay mode of the h that may be important and is one of the easiest to detect is 
h — 7- . The branching ratio is 0.0035 times that of the r"*"r~ mode. If the latter 

does dominate, then the decay into muons should be clearly detectable. Discussions of 
this mode can be found in Refs. |136[ I137[ 1138] . 

The previous discussion of /i — )■ ZA and h — )■ AA in the type I 2HDM also applies 
here. If the coupling to rs is large, this will suppress the branching ratios somewhat from 
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Figure 9: Branching ratios of the heavy Higgs boson into fermions for tan/3 = 6. The 
sohd (dashed, dotted) hnes, which are red (blue, black) are the branching ratios into bb 
(r+r~, tt) for various values of the Higgs-boson mass. 



the discussion there, but the general character of the analysis will not change. 

What about the other neutral Higgs? Just as in the type I 2HDM, the couplings of 
the heavier neutral scalar, H, are identical to that of the lighter Higgs, h, if one shifts a 
to a — 7r/2. In Fig. |9l we have plotted the decays of H into top quarks, bottom quarks, 
and tau leptons for tan /3 = 6. We see that for H masses below the top threshold, the 
decays into r+r^ dominate as soon as one moves away from the r-phobic point (now at 
a = ±7r/2 for the H coupling). For heavier masses, the tt mode dominates the bb mode. 
For larger tan f3, the curves for the t~^t~ mode widen and can eventually dominate for 
most values of a. 

The discussion of other decays, such as H ZA or H AA, is the same as for the 
type I 2HDM. 

We finally turn to the decays of the pseudoscalar A. Here, there are no decays into 
WW or ZZ, and thus the pseudoscalar decays primarily into fermions. This provides 
a remarkable opportunity for discovery of the pseudoscalar. The ratio of the branching 
fraction into r+r^ to the one into bb is proportional to tan^/3, which can easily exceed 
unity. In fact, including the mass effects, one can show that 

T{A^bb) "V 1.76 J ' ^ ^ 

and therefore, even for relatively small tan /3, the r^r^ mode will dominate. In fact, for 
tan/3 > 3, the branching ratio exceeds 90%. This is independent of the A mass, as long 
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Figure 10: Branching ratios of the hght Higgs boson in the flipped model. We have taken 
tan/9 = 1. In the left flgure, the solid (dashed) lines are the branching ratios into WW, 
(77); in the right flgure, the solid (dashed) lines are the branching ratios into bb (r^r~) 
for various values of the Higgs-boson mass. 

as it is below the tt threshold. As before, the branching ratio into fi^fi~ is 0.0035 times 
the one into r+r^, and if the latter dominates, this gives a sizable branching ratio into 
an easily observed signature. 

2.1.4 Higgs decays in the flipped 2HDM 

In the flipped 2HDM, the RH leptons couple to the same Higgs doublet as the RH up 
quarks. As in the lepton-speciflc model, the r-phobic point is different from the fe-phobic 
point, leading to a region of parameter space in which the r+r" branching ratio can 
exceed the bb branching ratio. But unlike the lepton-speciflc model, the flipped model 
cannot have a huge enhancement of the r coupling to any of the scalars. This is because 
any enhancement of the r coupling would also enhance the top-quark coupling, and a 
large enhancement of the latter would cause serious problems with perturbation theory 
and unitarity. One does not expect an enhancement of the r+r^ mode in the flipped 
model as one changes tan/3, like the one observed in the lepton-speciflc model, cf. Figs. [7] 
andm 

The branching ratios of the light scalar h are presented in Fig. [10] for tan /3 = 1. One 
sees a region of parameter space in which the r+r" mode dominates bb decays, but it 
never reaches branching ratios as high as in the lepton-speciflc case (the remainder of 
the decays in the a = region is a mix of gg and cc). All other branching ratios are 
very similar to those from the type II 2HDM. If tan /3 is increased, the region of r+r^ 
dominance narrows, and the region in which the bb mode dominates grows, as in the larger 
tan P curves in the type II 2HDM. The a range for which the r+r" decay is dominant 
can grow if one takes tan/3 < 1, but perturbation theory breaks down for tan/3 < 0.3. 

We have plotted the branching ratios of the decays into fermions for tan/3 = 0.3 and 
tan P = 6 and rrih = 100 GeV in Fig. [TT] (for such a low rrih the decays into vector bosons 
are very small). As expected, for tan /3 = 6, the bb mode completely dominates except 
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Figure 11: Branching ratios of a Higgs boson with mass 100 GeV into fermions for tan /3 = 
0.3 and tan/3 = 6 in the flipped model. The sohd (dashed) hnes, which are red (blue) are 
the branching ratios into bb (r+r^). 



for a very narrow region around the 6-phobic point. On the other hand, for tan/3 = 0.3, 
T~^T~ decays dominate over bb decays for most values of a (although they never exceed 
a 40% branching ratio due to cc and gluon-gluon decays). The fact that in this model 
there is a region of parameters in which the cc, gluon-gluon and r+r^ decay modes all 
contribute equally was first noted in Ref . [33] . Although charm pairs will be very difficult 
to observe at either the LHC or Tevatron, one can see plots of the branching ratios into 
charm pairs for this model in Ref. [51]. For the other modes, the discussion is not much 
different from that of the type II 2HDM. In the region where the t~^t~ decay dominates 
one can look at fj^'^fi~ decays, which occur at a rate 0.0035 times the one of r+r~. 

The couplings of the heavy Higgs, H, are identical to those of the light Higgs, when 
a is shifted by tt/2. The difference is that the H can, if heavy enough, decay into top 
quarks. For tan /3 = 0.3, the decays into ti and r"''r~ are both enhanced, whereas for 
tan/3 = 6, the decay into bb is substantially enhanced, similar to Fig. |6l A discussion for 
fairly light H and A bosons can be found in Ref. [36] . 

The pseudoscalar Higgs does not decay into vector bosons, therefore its primary decays 
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are into r+r and bb. One has, in the flipped 2HDM, 

T{A^T+T-) f cot 13 



T{A^ bb) V 1-76 



(22) 



for tan (3 > 1, this is 10% or less. For tan/3 = 0.3, this would be roughly 10, leading to 
dominance of the t~^t~ decay, as in the lepton-specific model, but for a different region 
of parameter space. 



2.1.5 Higgs decays in the neutrino-specific 2HDM 

In the neutrino-specific (NS) 2HDM the RH quarks and charged leptons all couple to 
$2, but the right-handed neutrino couples to $i. In this model, there are Dirac neutrino 
masses, and the vacuum expectation value of $1 must be 0(eV). As a result, the Yukawa 
coupling of $1 to neutrinos can be 0(1). The model originally used a Z2 symmetry which 
was softly [SH] or spontaneously [201 1139] broken, in order to have such a small vev, but 
this allows for right-handed neutrino masses. The latter model, by Gabriel et al [90] and 
Wang )139] . also has a very light scalar, with mass of 0(eV). Extending the symmetry to 
a U{1) and breaking it softly (to avoid a Goldstone boson) gives the model of Davidson 
and Logan [91j. This model is much less fine-tuned, since it requires that the soft U{1) 
breaking term be of the same order as the electron mass (the small 0(eV) vev arises in a 
see-saw like pattern). Thus, there are several versions of the model-those with a $1 vev 
of 0(eV) and a very light scalar, those with a similar vev and no light scalar, and those 
that use a see-saw type mechanism and have a $1 vev of O(MeV). 

The first of these models, with a light scalar, which was the original proposal of Gabriel 
et al [5U] and Wang, et al |139] . has very recently been excluded. Following work on the 
astrophysics of the model |140] . Zhou |141] pointed out that there are serious problems 
with the model. In particular, the neutrinos emitted by SN1987a would, if there is a light 
scalar, interact strongly with the relic neutrino background and would not reach Earth. 
In addition, the effects of the neutrinos in the early universe would cause problems with 
the WMAP data. Thus, these models are excluded. 

Because of the small vev, mixing between the Higgs doublets is negligible, and thus one 
scalar behaves just as the Standard Model Higgs. In the spontaneously broken version, 
they can also decay into the very light scalars, but these are invisible and thus the Standard 
Model Higgs would decay invisibly. In the Davidson-Logan model [91], the light Higgs 
decays as in the Standard Model. The phenomenology of the charged Higgs, which decays 
into charged leptons and a right-handed neutrino, is interesting and discussed there. The 
phenomenology of the new neutral scalars in the model, however, is much less interesting, 
since they will only decay into neutrinos, and thus appear as invisible Higgs decays. 

In another version |142] 1143] , there is relatively little fine-tuning in the potential, and 
the $|$2 term has a coefficient as large as 10 GeV^. Through a see-saw type mechanism, 
the vev of $2 is O(MeV), and a further see-saw gives the light neutrino masses. The 
vacuum stability of the model is discussed by Haba and Norita in Ref. |144] . A recent 
comprehensive analysis of this model, including precision constraints, can be found in 
Ref. [145] . There are also interesting leptogenesis effects, which can be found in works of 
Haba and Seto [HSl EZ] 
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2.2 Higgs production 



The production of the Higgs boson of the Standard Model at hadron colhders is very 
well studied. Calculations of two-loop corrections, including next-to-next-to-leading order 
calculations and soft-gluon resummations, have all been carried out in detail. A very 
extensive discussion, with hundreds of references, is in the review by Djouadi [93] . 

The leading channel at the Tevatron and at the LHC is gluon fusion, in which two 
gluons and the Higgs are at the vertices of a triangle with a top quark going round the 
loop. The bottom quark plays little role since its coupling to the Higgs is so small (note 
that this may not hold in a 2HDM). 

The next leading channel, at the LHC, is W fusion or Z fusion. At the Tevatron, 
Higgsstrahlung off a or a Z is the second leading channel. Higgsstrahlung off a top 
quark might also be observable. 

The production cross sections, from Djouadi's review, are in Figs. [12] and [13] Al- 
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Figure 12: Production cross sections for the Standard- Model Higgs at the Tevatron. This 
figure is from Djouadi's review article [2^ . 

though gluon fusion dominates, it may not always provide the best signature. For example, 
in order to detect a Higgs H of mass 120 GeV at the Tevatron. One must look for decays 
H — 7- bb. If the Higgs is produced via gluon fusion, then the background of bb will be 
much too large. Instead, Higgsstrahlung from a. W or Z will help tag the bb with the 
decay of the W or Z. Thus, the searches for a low-mass Higgs at the Tevatron focus on 
WH and ZH production, while the searches for a high-mass Higgs focus on gluon fusion. 
In practice, of course, all production modes must be considered. 

In the following, we will look at each of these processes, and discuss how they are 
modified in the 2HDMs explored in this Chapter. In most cases we will determine the 
ratio of the production cross section in the 2HDM at hand to the one in the Standard 
Model, and then one can use Djouadi's figures to determine the absolute cross section. 



35 



' ' 1 


a(pp -> H + X) [pb] : 




\/s = 14 TeV 
\ MRST/NLO 






■ WH.. 


\ 


ZH \ 


\ 


ttH n/-.^ ■•. 





Mh [GeV] 



Figure 13: Production cross sections for the Standard-Model Higgs at the LHC This 
figure is from Djouadi's review article 



2.2.1 Gluon fusion 

In the Standard Model, at the parton level, the cross section for gluon fusion to a Higgs 
of mass rrih is m? 6 (s — m?) cTq, where 



512y27r 



^1/2 i'^g 



(23) 



Here, is the Fermi constant from muon decay, as is the strong coupling constant, 
Tg = ml/ {Ami) ' and A^/^ (r) = 2 [r + (r - 1) / (r)] /r^ , where 



fir) 



arcsin^ (V^) 



log 



T<1, 
r > 1. 



(24) 



This can be substantially simplified in the limits of large or small r, which apply in most 
cases that we will consider. In the limit nig ^ rrih, i.e. when ^ 1, A^^ (rg) — )■ 4/3, 

whereas in the limit ^ rrih, i.e. when Tg ^ 1, A^,2 (r^) — )■ — [log (4rg) — iir]^ / (2rq) . 



In the 2HDM, one's first thought is that the change in the cross section would be trivial. 
If only top-quark loops contribute, then the only difference is in the coupling of the Higgs 
to the top quark, and so one would multiply the SM cross section by (cos a/ sin ^)^ in the 
case of h production, or (sin a/ sin/3)^ in the case of H production, in all four 2HDMs. 
In the case of gluon-fusion production of the pseudoscalar A, the form factor is instead 
2/ [Tg) /Tg, and moreover one must multiply the whole cross section by cot^ /3. 
While the reasoning above indeed applies in models without a substantially enhanced 
6-quark Yukawa coupling, such as the type I 2HDM or the lepton-specific 2HDM, it does 



^1/2 i^q 
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not necessarily apply in the cases of the type II and flipped 2HDMs (the behavior of the 
lepton couplings has no effect on gluon fusion). This is because the 6-quark loops can 
become crucial, and for large tan /3 can actually dominate the cross section. 

In the type I or lepton-specific 2IIDM, the production cross section of a light Higgs, h, 
through gluon fusion is simply multiplied by the factor (cos a/ sin/3)^. In the decoupling 
limit, i.e. when cos(a — /3) is small, this is near unity, but in general it is quite smaller. 
This factor is somewhat discouraging for the t^t~ signature of the lepton-specific model. 
As one can see from Fig. [TJ /i — )■ r+r~ is dominant (when tan/3 = 1) near a = ±vr/2, 
precisely where the factor (cos a/ sin/3)^ strongly suppresses the production rate. For 
larger tan /3, however, as seen in Fig. [HI the region in which the r+r^ decays dominate 
does extend a substantial distance away from a = ±7r/2, and then the suppression would 
not be that severe. 

In the type II or flipped 2HDM, the contribution of the top quark is also multiplied by 
(cos a/ sin/3)^, but now the diagram with a b-quark loop can contribute for large tan/3, 
since then the b Yukawa coupling becomes large. The 6-loop contribution to the amplitude 
is multiplied by — tan a tan /3 relative to the t-loop contribution. Using the limits of 
small Tq (when q = t) and large Tg (when q = b) above, we find that the cross section 
increases over the type I 2HDM cross section by a factor of |1 + (5 — 8i) tan a tan /3/100|^ 
for rrih = 100 GeV, and that this correction roughly scales as m^^ for other values of m/j. 
Note that tana can be of either sign in the type II 2HDM; in the MSSM it is always 
negative. Numerically, for positive a, this is 1.1 (1.4, 2.9, 12.0) for tana;tan/3 = 1 (3, 
10, 30). For negative a, this is 0.9 (0.8, 0.9, 6.0) for tanatan/3 = -1 (-3, -10, -30). 
We see that for large tan/3, one can get an increase of almost an order of magnitude in 
the production rate relative to the type I 2HDM. However, one should keep in mind the 
discussion of the last section in which it is noted that values of tan /3 larger than 6 are 
allowed (by unitarity and perturbation theory) only for a very small region of parameter 
space, so very large enhancements are unlikely. 

For the heavy neutral Higgs, H, the results are similar. In the type I or lepton-specific 
2HDM, one must multiply the SM production cross section by the factor (sin a/ sin/3)^. 
As before, this is small in the region where the r+r^ branching ratio is large. In the 
type II or flipped 2HDM, the factor — tan a tan /3 in the previous paragraph becomes 
cot a tan /3. The results of the previous paragraph are thus qualitatively unchanged. Note 
that when the mass of the H mass rises beyond the mass of the top quark, the rate of 
^f^f-fusion production of H drops quickly, just as in the Standard Model. 

For gf^f-fusion production of the pseudoscalar A, the form factor Af^^ is simply 2/(r) / r, 
which in the limit rrit ^ rriA is 2 instead of 4/3. There is also a factor Q = cot /3 in the 
amplitude. This yields a total factor (9/4) cot^ /3 in the production cross section of an A 
in the type I 2HDM compared to the production cross section of an SM Higgs of identical 
mass. This will be substantial for small tan/?. For the type II or flipped 2HDM, the 
ratio of production cross section relative to the type I 2HDM is, for = 100 GeV, 
|1 - (3.5 - 4i)tan2/3/100|^ Numerically, this is 0.93 (0.82, 0.59, 1.44) for tan2/3 = 1 (3, 
10, 30). The difference of production cross sections between the various 2HDMs is thus 
much less dramatic. 
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2.2.2 WH and ZH production, WW and ZZ fusion, and bbH and ttH produc- 
tion 

It is straightforward to see how these production rates are affected in 2HDMs. First 
consider the production processes involving vector bosons (W* — )■ WH, Z* — )■ ZH, 
WW toH or ZZ — )• H where if is a neutral Higgs ). In all four 2IIDMs, for the light 
Higgs h the SM rate is multiplied by sin^ {a — (3), and for the heavy Higgs H it is multiplied 
by cos^ {a — P). The pseudoscalar A cannot be produced via this mode, since there are 
no W^W'A and ZZA vertices. 

For tin production, one simply multiplies the SM rate by the appropriate coupling- 
constant factor. In all four models, this is (cos a/ sin (3)'^ for the hght scalar h, (sin a/ sin (3y 
for the heavy scalar H, and cot^ (3 for the pseudoscalar. 

Contrary to what happens in the Standard Model, there is in some 2HDMs the pos- 
sibility of substantial bbH production. The rate, well above the threshold, is, compared 
to the SM tin production cross section, negligible for the type I and lepton-specific 
2HDMs, but for the type II and flipped 2HDMs it is (sina/cos/?)^ (mb/m^)^ for the 
light h. A detailed study, with numerous references, of this mode in the MSSM by 
Schaarschmidt [1481 1149[ I150j . showed that an h in the 120-200 GeV mass range can be 
discovered at the LHC through this process, if tan/3 > 6, by looking for the signature 
h — )■ T~^T~. In fact, for a large tan/3, which is not unnatural in the MSSM, this can 
become the primary discovery mode, especially for a relatively light Higgs h. One would 
expect a similar result in the type II 2HDM (the flipped model would have less enhance- 
ment in the h — > r+r^ decay mode), although, as noted earlier, large values of tan /3 are 
not favored in the type II 2HDM. 

2.2.3 Other production mechanisms 

With several neutral scalars, another production mechanism can become important. One 
can produce two Higgs bosons (either the same one or different ones). (This can also 
occur in the Standard Model, of course.) In any diagram in which a scalar is produced, 
that scalar can then convert itself into two scalars via a trilinear coupling. In addition, 
one can have double-Higgsstrahlung off a 14^ or Z, or one can have a gluon fusion into 
two scalars via a box diagram with a heavy quark in the loop; the latter mechanisms are 
independent of the trilinear coupling. An analysis of all these mechanisms was done in 
Ref. jl51] . Total cross sections for the LHC were given in Djouadi's review [93j, and are 
dominated by gluon fusion, giving cross sections of order 10 fb over the low-mass range for 
the scalars. Although detection is much more difficult due to large backgrounds |152[ 1153] , 
analyses [154j indicate that it might be possible to distinguish the trilinear coupling from 
zero with an integrated luminosity of 300 fb~^, for scalar masses in the 150-200 GeV 
range; a higher luminosity is needed for lighter scalars. 

In the MSSM there are many more possibilities involving neutral scalars. One can have 
gg — > Z* — 7- hA, HA or, through triangle and box graphs, gg — )■ hh, HH, hH, AA, hA, HA. 
In addition, one can have double Higgsstrahlung. These are discussed in Refs. |155l 
I156j and summarized in Djouadi's review ^24j. For the quark annihilation process, cross 
sections range from 10 to 100 fb as varies from 100 to 170 GeV, and for gluon fusion 
the cross sections (for tan (3 = 30) are a little more than an order of magnitude larger. 
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Detection is difficult, but possible, and is summarized in Ref. [23]. 

In the general 2HDM, one has the same processes as in the MSSM, but there is now 
a much larger parameter space. The quark-annihilation process has precisely the same 
form as in the MSSM, but now one need no longer have a small cos(a — and thus the 
ZhA coupling can be larger than in the MSSM. This is encouraging and leads to some 
interesting possibilities. For example, in the lepton-specific model and for tan/3 > 2, 
the dominant decay of the A is into r+r~, and for much of parameter space the decay 
of the light Higgs is also into r+r^. Thus one might have four-r events with branching 
ratios as high as tens of femtobarns. This signature needs further investigation. A study 
of pair production of the lightest Higgs bosons in the type II model was carried out in 
Refs. |157l 11581 1159] . They showed that while pair production in the Standard Model is 
very difficult to observe at the LHC, it can be bigger in the type II model, and they also 
show that there can be sensitivity to the quartic couplings, which could help distinguish 
the model from the MSSM. 

For the gluon-initiated process, triangle diagrams produce a single h/H/A, real or 
virtual, which then converts into a pair of scalars. Alas, this process is proportional to 
trilinear scalar couplings and, while these are known in the MSSM, they are unknown 
in the general 2HDM. The box diagrams which give gluon fusion into two scalars will 
be similar to those of the MSSM. Thus all one can really say is that the rate could be 
substantially larger than in the MSSM, but accurate predictions are impossible. 

2.3 The inert Higgs model 

The inert Higgs model is a 2HDM with an unbroken Z2 symmetry under which one of the 
doublets transforms non-trivially, viz. $2 — >■ ^'^'2, and all other SM fields are invariant. 
This 'parity' imposes natural flavour conservation. Initially a similar model |160] was 
introduced to explain neutrino masses. More recently such a model was proposed in the 
context of radiative neutrino masses |161] and also to attack the naturalness problem 
of the SM by allowing for a larger mass (between 400 and 600 GeV) for the SM Higgs 
while keeping full consistency with electroweak precision tests |162] . thus solving the 'little 
hierarchy' problem |163] . Even more recently, an inert doublet was introduced to allow 
for the possibility of several mirror families of fermions jTMj. 

In the inert Higgs model the Higgs doublet $2 — the inert doublet — does not couple 
to matter and acquires no vacuum expectation value, leaving the Z2 symmetry unbroken. 
The scalar spectrum consists of the SM-like Higgs obtained from $1 and one charged and 
two neutral states from $2- Since the Z2 is unbroken the lightest inert particle will be 
stable and will contribute to the dark matter density [161^ 1162] . This possibility has been 
analysed by several authors |165[ I166[ I167[ I168[ I169[ I170[ I17H 1172] . The early cosmological 
evolution of the model has been discussed by Ginzburg et all in |173] . 

The scalar potential is the one in eq. (2) but with = 0- The asymmetric phase, 
where 



corresponds to a sizeable region of parameter space |16H 1162] and the scalar masses are 




and 




(25) 
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given by 



2 \ 2 2 2 , (-^3 + A4 + A5) V 

mi = Xiv\ mi. = m^^ + 



2 (26) 
2 2 , W 2 2 , (A3 + A4 - A5) 
= + = m22 + ^ , 

where h is the usual Higgs boson obtained from $1, (S* + iA) j \/2 is the neutral component 
of the inert Higgs doublet, and is the charged inert Higgs field. The doublet $1 gives 
mass to the gauge bosons and . In the limit of Peccei-Quinn symmetry, A5 — )■ 0, 
the neutral inert scalars become degenerate. Direct detection of halo dark matter places 
a limit on this degeneracy [174 J. 

The inert scalars can be produced at colliders through their couplings to the elec- 
troweak gauge bosons subject to the constraint of the Z2 symmetry |1751I176] . In addition, 
they also participate in cubic and quartic Higgs couplings: 

interactions = ^ ( H + ^^±^\ \xjvh+^M ' + 



2 V 2 / V 2 



+h±2^ (yh +-)s' + (vh + -] A'. (27) 



As pointed out in Ref. |175] . assuming the mass hierarchy m\ > m\ > m|, the stable 
scalar S appears as missing energy in the decays of and A. Since there is no linear 
term in A or 5* in eq. fl271) . the decay of A must occur through the gauge interaction 

^ Z^iSdf'A- Adf'S) . (28) 
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Hence |175] the dominant decay of A is into Sff, where / is a fermion, either a lepton or 
a quark, and S appears as missing energy. Concerning H^, the gauge interactions with 
S and A are given by: 

^ W- {Sd^H+ - H+df'S) + I W~ {Ad^'H+ - H+d^'A) + H.c. (29) 

Hence the dominant decays of if^ are into W^S and W^A, with, in the second case, 
subsequent decay of A into ZS. 

There are also trilinear gauge interactions among H^, Z, and 7, as well as the quadri- 
linear terms required by gauge invariance. 

The LEP I data on the width of the Z^ gauge boson force the sum of the masses of the 
S and A to be larger than the mass of the Z^ \169\ 1175] . thus preventing Z^ — > AS. The 
electroweak precision tests put constraints on the inert-scalar mass splittings as a function 
of the h mass |162] . If the Z2-odd scalars are much lighter than the SM Higgs boson, 
they may have a great impact on the direct search for the latter, because h — )■ SS and 
h — 7- AA may become the dominant decay channels. In particular, the h — )■ SS channel 
is invisible. The lower limit mh > 114.4 GeV, obtained by LEP II, was based on a direct 
search via h — )■ bb, which is dominant for a light Higgs boson in the SM. In the present 
case this limit can be relaxed down to about 106 GeV, assuming the mass splitting of the 
new neutral scalars to be — ms = 10 GeV, due to the fact that in this model the 
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invisible decay of the Higgs boson may be dominant and, as a result, the decay branching 
ratio into bb is highly suppressed. 

A scan over the parameter space was performed in |175] . assuming the charged-Higgs 
mass to be much larger than ruh, the mass splitting of the new neutral scalars to be 
niA — fns = 10 GeV, and also taking into account relevant constraints including the 
decay constraint mentioned above and the vacuum stability bound. The invisible decay 
mode h — )■ SS is found to dominate in the light- and intermediate- mass region of m/j, 
i.e. when 100 < rrih < 160 GeV. The 10 GeV mass gap between A and S implies that 
the contribution of the SS mode to the decay of the SM-like Higgs boson h is much 
larger than that of the AA mode. In particular, the branching ratio for the invisible 
mode is 50-65% in the mass region 100 < rrih < 150 GeV and for rris ~ 40-60 GeV. 
As a result, the usual decay modes of the SM Higgs boson are highly suppressed. This 
fact, together with the strong suppression of the 77 mode, will make it very difficult, in 
this framework, to use this mode to detect the SM-like Higgs boson at the LHC in the 
mass range 100 < rrih < 150 GeV |175] . However, it was also shown there that it is very 
promising to look for the SM-like Higgs boson through its invisible decay in the so-called 
weak-boson-fusion process |177] . This process is of the form qq — )• q'q'VV — )■ q'q'h (V 
denotes a gauge boson), with the subsequent decay of h to undetectable particles. The 
decay mode h — )■ W^W~ dominates over the invisible one for h heavier than 160 GeV, 
where it starts behaving as in the SM. The decay pattern and decay branching ratios 
of the new neutral scalars have also been examined in Ref. |175] . They conclude that 
an S with mass ~ 50 GeV should be observable at the LHC and, at the same time, it 
would constitute a good dark-matter candidate. A complementary analysis of collider 
phenomenology of the inert Higgs model was performed in Ref. |176j . 

The possibility of extending the inert Higgs model in order to introduce CP-violation 
in the scalar sector was considered in Refs. [178^ 1179] . In another extension of the inert 
doublet model, Barr and Kephart |180j pointed out that a difficulty with generic multi- 
doublet models is that many fine-tunings are necessary to alleviate the hierarchy problem, 
and thus, if one believes that the hierarchy problem of the Standard Model is solved 
via anthropic fine-tuning, then having more than one Higgs doublet becomes exceedingly 
unlikely. They looked for the conditions under which an N doublet model only has a single 
fine-tuning, and found that if the N doublets formed a representation of a global symmetry 
group, then only one fine-tuning is necessary, and classified all possible symmetry groups 
with < 6. They found that in some models, such as SU(N) with an N-plet, the 
extra Higgs doublets become completely inert, and the scalars and pseudoscalars are all 
degenerate in mass. Different mass relations arise from different representations. 

A different version of the inert Higgs model, which has recently received increasing 
attention, is the Lee- Wick Standard Model (LWSM) [Ml [HSl [183] , whose neutral sector 
is similar to the inert Higgs model but whose charged sector is similar to a type II model 
with tan/3 = 1. In this model, for every SM field, a higher-derivative kinetic term is 
introduced; for a Higgs scalar, this term is quartic in the derivatives. These terms lead 
to the presence of additional poles in the propagators. By introducing auxiliary fields, 
the model can be written as one without higher-derivative terms, but with additional 
fields corresponding to Lee- Wick partners (one for each field of the SM). The signs of the 
kinetic and mass terms of these partners are opposite to those of normal particles, i.e. 
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the states have negative norm. 

A major attractiveness of the LWSM is the ehmination of quadratic divergences in the 
Higgs sector. In supersymmetry, the minus sign which cancels those divergences arises 
from the different statistics of the partners; in the LWSM, it arises from a sign difference 
in the propagator due to the negative-norm states. If those states are not stable, then 
they do not appear as 'out' states in the S matrix and unitarity is preserved. While one 
does have microcausality violation, no logical paradoxes arise macroscopically [1821 1184] . 
There is now an extensive literature on the LWSM [Hg MEl EM MSi [ffl [TlOl [Ml [1921 
[1931 [Ml [1951 [1961 [Mj ■ 

A comprehensive analysis of the Higgs sector of the LWSM was recently carried out 
by Carone and Primulando |198] . They were motivated by the realization [189] that 
electroweak precision constraints do not severely constrain the Lee-Wick mass scale for 
the Higgs sector. The Higgs doublet and its Lee- Wick partner form a 2HDM, but the 
mixing between the neutral states is symplectic rather than orthogonal. The neutral- 
scalar sector is very similar to the one of the inert Higgs model, but with some differences 
in signs. The primary focus of Ref. [198j was on the charged Higgs sector (which will 
be discussed in Chapter 4), but they did find bounds from LEP, showed that constraints 
in the charged sector also constrain the neutral sector, and have plotted bounds in the 
neutral-Higgs-boson plane. The effects of the model on electroweak parameters and on 
the Zbb coupling were studied by Chivukula et al. |199] A more detailed analysis of the 
neutral sector, including bounds from direct searches at LEP and the Tevatron, as well 
as prospects at the LHC, was very recently published by Alvarez et al. |200] : they find 
interesting differences in the usual sum rules in the neutral sector; for example, the usual 
relation g\i_y_y + gl2-v-v ~ ^ ^ different sign between the two terms. They used 
the HiggsBounds code to study implications at colliders. 

Another 2HDM, called the "quasi-inert" model, was recently introduced by Cao et 
al. [201\ . In that model, motivated by the possible observation of W plus dijets at 
the Tevatron |202j . there is a second doublet whose tree- level vev vanishes, and which 
couples primarily to the first generation of quarks. They set to zero the $J<I>2 + H.c. term 
in the potential, which can be accomplished by a Z2 symmetry in which both $2 and 
ur change sign. This symmetry must be weakly broken to allow the up quark to get a 
mass, and this results in a small vev for $2- Cao et al. calculate electroweak precision 
effects and flavour constraints on their model. The primary motivation for the model is 
that the Tevatron can produce the charged Higgs {pp — )■ H"^), which subsequently decays 
into H^W^ or A^H^^, leading to i^iyjj or to plus dijets. Since the charged Higgs 
is produced resonantly, the signal can be large. Cao et al. show that a reasonable region 
of parameter space exists which can explain the recent observation of W plus dijets at 
the Tevatron [202j . Even if this observation is not confirmed, the model is interesting in 
its own right and leads to other unique signatures. Another scenario by Chen et al. |203j 
switched the role of the neutral and charged scalars, and then the dijet comes directly 
from the charged scalar. This can be produced non-resonant ly by W^H^ production, 
and can also explain the non-observation of a resonance in iujj by CDF (although the 
bounds on that are much weaker and a resonance could still exist). Similar models, which 
focus more on explaining the Bg — )■ /x/x rate but also discuss the W plus dijet signature, 
can be found in Refs. [203ll20l] . 
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3 Models with tree-level flavour- changing neutral cur- 
rents 



3.1 The type III 2HDM 

In the previous chapter it was shown that one can ehminate the potentially dangerous 
tree-level FCNC through a discrete symmetry. Suppose, however, that we reject any such 
symmetry. The tree-level FCNC can certainly be suppressed by making the neutral scalars 
extremely heavy, but scalar masses in the multi-TeV range (or higher) seem unnatural. In 
this section, we examine the constraints from FCNC and show that a reasonable Ansatz 
for the neutral flavour- changing couplings allows for scalar masses well below the TeV 
scale. 

It is easiest to discuss the tree-level FCNC in the Higgs basis described in chapter 5. 
In that basis, the scalar doublets are rotated so that the vev is entirely in the first doublet, 
while the second doublet has zero vev. The general Yukawa couplings can be written as 

+i^jQ^LH2U,R + igQ^LH2D^n + i^.L^LH^E^n + H.c, (30) 

where Hi and H2 are the two scalar doublets. In the Higgs basis those doublets have been 
rotated so that only Hi has a vev, i. e. 

<^'>»=(«/'U)- <^^>»=(o)' pi) 

where v is real. In this basis, only the Yukawa couplings of the doublet Hi, viz. the rjij, 
generate fermion masses; those rjij may be bi-diagonalized and do not lead to tree-level 
FCNC. When that bi-diagonalization is performed, the neutral flavour-changing couplings 
become 

-^FCNC = iYjUiLH2 UjR + S,fjDiLH2DjR + S,ijLiLH2LjR, (32) 

where 

^U,D,L ^ yU,D,L\ ^U,D,L yU,D,L_ ^33^ 

Since Vr is completely unknown and the ^ are arbitrary, these ^^'^'^ coefficients are 
arbitrary; in order to look at specific processes, some assumptions must be made about 
their magnitudes. 

One of the earliest papers discussing tree-level FCNC was the one of Bjorken and 
Weinberg |205j . who considered radiative muon decay and chose to be the Yukawa 
coupling of the muon. Later, in 1980, Mc Williams and Li [25] and Shanker [26] considered 
K-K mixing, as well as many processes involving kaon and muon decays. They argued 
that the heaviest fermion sets the scale for the entire Yukawa-coupling matrix. The 
flavour-changing vertex should be the product of the largest Yukawa coupling and a mixing 
angle factor. Since they did not know the mixing angle factors, they set them equal to 
one. Thus, the ^^'^-^ were set equal to the top, bottom, and tau Yukawa couplings, 
respectively. The most stringent bound came from K-K mixing and led to a lower bound 
of 150 TeV on the mass of ifg- For most of the 1980's, this led most authors to assume 
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that there must be a discrete symmetry which prohibits the FCNC, and attention focused 
on the type I and type II 2HDMs. 

Cheng and Sher |206] argued that this estimate of the lower bound is not reasonable. 
They argued that the most conspicuous feature of the fermion mass structure is its hierar- 
chical structure and that, therefore, setting all the flavour- changing couplings to be equal 
to the heaviest-fermion Yukawa coupling was not reliable. They proposed what has since 
become known as the Cheng-Sher Ansatz: that the flavour-changing couplings should be 
of the order of the geometric mean of the Yukawa couplings of the two fermions. In other 
words, 

^ij = Xij y/m~m~^, (34) 

where the Xij are of order one. Since the most severe bounds on FCNC arise from the 
first two generations and this Ansatz especially suppresses the Yukawa couplings of those 
generations, it will reduce the lower bound on the Higgs mass. 

More specifically, Cheng and Sher's argument was as follows. Consider a model with 
n Higgs doublts $i {i = l...n) and call A'j the matrix of Yukawa couplings to, say, the 
charge —1/3 quarks. First suppose that the fermion mass matrix is of the Fritzsch 
forno : 

/ A 

M = I A B \ . (35) 
\ B C 

In this case, calling the eigenvalues mi, —1712, and ms, one has A ~ y/rn^rn^, B ~ ^m^mj,^ 
and C ~ ma. Cheng and Sher then simply assumed that the Yukawa-coupling matrices 
were given by 

/2 / A, \ 
a: = ^ A, fi, , (36) 

and that their matrix elements had the same structure as the full mass matrix, namely 
Ai = aiy/mim2, Bi = biy/m2m3, and Ci = Cim^, with coefficients ai,bi,Ci of order unity. 
In other words, the requirements, obtained by comparing the with M, 

J2a^ = J2k = Y,c, = l (37) 

i i i 

are not satisfied through any fine-tuned cancellations among the different couplings. Es- 
sentially, the Ansatz states that mass matrix zeros are not obtained through any can- 
cellations among non-zero matrix elements, and that non-zero mass matrix elements are 
also not obtained through precise cancellations among larger terms. Cheng and Sher then 
pointed out that this argument does not apply only to mass matrices with the Fritzsch 
structure, but to any other structure in which one requires that the hierarchy of eigen- 
values does not arise through delicate cancellations. It was later noted |208j that, if the 
hierarchical structure is due to approximate fiavour symmetries, then the Cheng-Sher 
Ansatz will be satisfied. The Ansatz is thus quite general. 



^At the time of Cheng and Sher's paper the Fritzsch Ansatz gave acceptable mixing angles. A gener- 
alization of it was proposed, and its phenomenology discussed in detail, in Ref. '2071 . 
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In the type III model the Cheng-Sher Ansatz is assumed and its implications are 
explored. Many papers focused on a few specific processes, including Am^ [210j, t — )■ ch, 
and h ^ ic + ct [209] . rare fi, r, and B decays (emphasising B — )■ Kfir) |211] . — )■ 67 
(at two- loop level) |212] . t ^ cy and t — )■ [213] . muon-electron conversion [214] . and 
b ^ s'y |215j . In 1996, an extremely comprehensive analysis of the model by Atwood, 
Reina, and Soni |216] looked at many of these processes as well as at implications for 

^ bb and Z° ^ bs + sb. 

Over the years, the various bounds have steadily improved. If the type III model 
is correct, then one would expect the Xij in eq. (!34l) to be all of order unity, but this 
is a fairly loose requirement since there are unknown mixing angles. Scalar masses will 
enter in all specific processes. In the Higgs basis, the imaginary part of H2 is the usual 
pseudoscalar. A, whereas the real part of H2 is a linear combination of h and H. Since 
H2 has no vev, its coupling to W~^W~ vanishes, and thus the relevant mixing angle which 
rotates {H^, H^) into {h, H) is a — l3. In a model with tree-level scalar exchange one has 
an effective mass in the matrix element given by 
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where s = sin(a — /3) and c = cos(q; — Henceforth, we shall refer to the scalar mass meff 
and to the pseudoscalar mass as free parameters. Some processes, such as Bg fir, 
proceed only through pseudoscalar exchange, while other processes, such as Bg — )■ Kfir, 
proceed only through scalar exchange. The most stringent bounds in the quark sector 
come from meson-antimeson mixing, to which both scalars and pseudoscalar contribute. 

The most recent analysis of F^-F^ mixing, where F = K, D, Bd, or Bg, was by Gupta 
and Wells |107] . who considered the tree- level exchange of scalars and pseudoscalar and 
found that 
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In these expressions, itlf is the meson mass, fp is the pseudoscalar decay constant, and 
Bp is the vacuum insertion parameter defined in Ref. [216] . Adding in quadrature the 
theoretical and experimental errors to the SM prediction, Gupta and Wells demanded 
that the sum of the SM value and the new contribution not exceed the experimental 
value by more than two standard deviations for the B^ and Bg systems; for the D and 
K systems, they demanded that the new contribution not exceed the experimental value 
by more than two standard deviations. The results, using the Cheng-Sher Ansatz and 
assuming that nics = niA = 120 GeV, are 



{Xds,Xuc,Xbd,Xbs) < (0.1,0.2,0.06,0.06). 



(42) 



^The model was first referred to as type III in Ref. |209l . 
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This might seem problematic for the type III model, where one expects Xij ~ 1. But, the 
pseudoscalar contribution is typically a factor of 7-10 larger than the scalar contribution, 
therefore, increasing rriA to, say, 400 GeV increases all the bounds in eq. (B2|) by more 
than a factor of three. This was illustrated more explicitly by Golowich et al. |217] . who 
have shown that the bound is increased substantially as the pseudoscalar mass increasesEl 
In addition, as pointed out in Ref. |216j . there are additional diagrams, involving boxes 
and triangle graphs, some of them with a charged Higgs, and a mild cancellation involving 
these contributions would also weaken the bounds. Finally, it has been argued [218J that 
it might be more appropriate to use Ajj/tan/3 rather than Ajj, which for large tan (3 would 
also decrease the bounds. 

Golowich et al. |217j also studied the effects of Act and A^^ on D-D mixing. For 
scalar masses between 100 and 400 GeV, they found that y/Xut^ct niust be less than, 
approximately, 8-10. Thus, bounds on top-quark flavour-changing neutral currents are 
much weaker. Direct bounds on Ajc can be obtained from t — )■ ch, which was first discussed 
by Hou |209] and much more recently in Refs. |219t 1220^ 1221] . For a Higgs mass of 
120 GeV, the branching ratio is roughly 0.005 A^^. The fact that the SM decay t — bW 
fits its prediction implies that the branching ratio for t ^ ch cannot be very large, and 
thus one would expect Act to be less than 10 or so, but we know of no current experimental 
bounds on this process. The signature for t ^ ch is quite different from that of t — )■ H^b, 
as discussed in Chapter 4. 

Other processes will bound products of the Ajj instead of the individual Xij. For exam- 
ple, the processes Bg — )■ /^'''/i", with tree- level pseudoscalar exchange, and B — )• Kfj,~^fj,~ , 
with tree-level scalar exchange, will bound the product Afe^A^^; it has been shown |107i I222j 
that data will be obtained at the Tevatron and LHC which will bound the product to 
approximately 0.6 (for scalar or pseudoscalar masses of 120 GeV). One of the most inter- 
esting decays, since it vanishes in the SM, is -B — ?■ Kur. This process was searched for 
by BABAR |223] and, while the bounds only give a/A^^A^ to be less than 0(10), the 
absence of an SM rate makes this promising for future B factories. 

In the above we have focused on quarks. Bounds for leptons in the type III model 
have also been discussed extensively — with large mixing angles in the leptonic charged 
weak current, one imagines that mixing in the neutral current might be large. The 
anomalous magnetic moment of the muon, with neutral-scalar exchange, is proportional 
to A^^ and does not depend on any other couplings. This was first used in Ref. |224] 
to obtain a bound A^,- < 50. Later, the experimental precision improved and there is 
now a significant discrepancy, of approximately 3a, between that observable and its SM 
prediction (the precise discrepancy depends on the dataset used in determining hadronic 
corrections j225l 1226 ]). Diaz et al. |227l 1228] assumed that the discrepancy arises from 
flavour- changing neutral-Higgs exchange and obtained a lower bound on A^t, with 10 < 
A^. < 80. 

In the same work, Diaz et al. |227j considered /i — )■ cy, in which a scalar is exchanged 
and the internal fermion is a r. Taking a range of values for the scalar mass, and a 
heavy pseudoscalar, they obtained XerX^r < 0.04. This might be marginally acceptable 
for the type III model, similar to the bounds on F-F mixing discussed above. In this 

^The reader is cautioned that the parameter Aij in Ref. [217] differs from our Xij by A^j — Xij j \pl. 
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case, however, a very recent analysis by Hon, Lee, and Ma |229] has a different expression 
for the /i — )■ 67 width and they find that /i — )■ 67 is acceptable for Ag^ = A^,- = 1 if 
the scalar mass is above 150 GeV. They also note that the contribution of the scalar and 
pseudoscalar to fi ^ e'j have opposite signs, hence some cancellation might be possible. 
In any event, failure to observe a signal in /x — )■ 67 within the next three years at the 
MEG experiment — which will be sensitive to an additional two orders of magnitude in 
the rate — would be a serious problem for the type III model. Diaz et al. then used the 
lower bound on A^^ discussed in the previous paragraph to obtain Agr < 10~^. Although 
their work did not explicitly use the Ansatz of the type III model, their conclusion — if the 
discrepancy in the anomalous magnetic moment of the muon is due to scalar exchange 
then there must be a substantial hierarchy between A^r and Aer — is robust, and the size 
of that hierarchy would rule out the type III model. 

Other bounds may be obtained by mixing leptons and quarks. In Ref. |230j the 
process r — )■ yuP, where P is a pseudoscalar meson, was studied. It was claimed that this 
process gives A^^ < 10^'^, which is stronger than the previous bounds by several orders of 
magnitude. However, in Ref. |23U] it was assumed that \uu^ ^dd, ^ss, ^bs, and X^h are all 
larger than 100, and that the light scalar and pseudoscalar have mass 120 GeV, leading 
to this stringent bound. Subsequently |231] . in a study of r ^ l^'PP, these assumptions 
were relaxed and A^^-A^s < 200 was found. 

Other bounds on the Ajj do not involve flavour-changing neutral currents. If one 
assumes that only A^ and Xbb are nonzero, then neutral scalars play no role, and one can 
bound Xtt and Xbb by considering the charged- Higgs contributions to 6 — )■ 57 |232ll233ll234] : 
one obtains a bound on Xu of approximately 1.7, for a charged-Higgs mass below 300 GeV. 
More recently, Mahmoudi and Stal |16] analysed 6 — )■ 57 and Am^^ as well as P, K, and 
Dg decays, and obtained bounds on all the second- and third-generation diagonal A^ 
(including for the leptons). Huang and Li |235] showed the Am^^ can also be used to 
bound Acc and A^^. Since we are focusing here on the FCNC, we shall not discuss these 
bounds further, but refer the reader to Ref. [H] for a detailed analysis. The type HI model 
says nothing about the flavour hierarchy problem. Blechman et al. [236], within a type 
III model scenario, looked for a basis independent constraint on the Yukawa couplings 
that would generate a mass hierarchy with the Yukawa couplings being of the same order. 
Their constraint was that the determinant of the Yukawa couplings of $2 vanish. They 
require a fairly large, but not unreasonable, value of tan/3. The values of the Xij in 
their model depend on the pseudoscalar and heavy scalar masses. The phenomenological 
constraints are discussed in Ref. |236j . 

Over the past twenty years, bounds on the Xij have steadily improved, and the type HI 
model is now facing challenges. In the leptonic sector, a negative result in the MEG 
experiment would essentially rule out the model (unless there is a cancellation between 
the scalar and pseudoscalar contributions). In the quark sector, a pseudoscalar in the 100- 
200 GeV mass range would cause problems for P-P and P^-Ps mixing, and one might 
expect an observable signal in P^ — )■ jj,'^ ji~ . With the large top-quark sample at the LHC, 
the most promising signature is likely to be t — )■ ch\ if h is light (as expected) and the 
branching ratio is below 10"'^, then the type HI model would be in serious difficulty. 
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3.2 BGL models 



All the tree-level flavour- changing transitions in the SM are mediated by the charged 
weak current, with the flavour mixing controlled by the CKM (quark mixing) matrix. 
Branco, Grimus, and Lavoura |237] have built explicitly a class of 2HDMs (that we call 
BGL models) in which the tree-level flavour- changing couplings of the neutral scalars are 
related in an exact way to elements of the CKM matrix. In BGL models the required 
suppression of the scalar-mediated FCNC is obtained through relations involving the small 
off-diagonal elements of the CKM matrix V. Some variants of the BGL models fall into 
a wider category, which was coined later on |238] as models of Minimal Flavour Violation 
(MFV) |289ll2jnil2iT] . 

The Standard Model with three families, consisting of SU(2) doublets {Ql and L^) 
and SU(2) singlets [Uji, Dji, and Ep/) has a large flavour group of unitary transforma- 
tions Gp = f/(3)^ which commutes with the gauge group. The gauge group Gp can be 
decomposed as 

Gp = SU{3)1 X SU{3)^ X U{1)b x U{1)l x U{1)y x U{1)pq x U{1)e^, (43) 

where 

SU{3)1 = SUi3)Q,xSUi3)u,xSUi3)n,, (44) 
SU{3)^ = SU{3)l, X SU{3)e^. (45) 

The notation is borrowed from Ref. |238j . The Yukawa couplings break the flavour group 
Gp. One can formally recover this flavour invariance by treating the Yukawa couplings as 
dimensionless fields (spurious), transforming in such a way that the Yukawa interactions 
become Gi^-invariant. The MFV hypothesis consists of assuming that, even if New Physics 
exists, Gp is only broken by the Yukawa couplings, with dominance of the Yukawa coupling 
of the top quark. The most general scalar potential under the MFV hypothesis was 
recently derived |242] . 

The relevant question for BGL models is: under what conditions the neutral-scalar 
couplings in 2HDMs are only functions of the CKM matrix V7 Namely, in BGL models 
these exact functions result from the imposition of discrete symmetries. Similar functions 
had been considered previously as an ad hoc assumption |208[ I243[ I244[ 1245] !^ 

Let us write down the Yukawa interactions: 

Cy = -01 (n'-^i + >'2'*2) 4 - 01 {y,-^i + Y,^^2) ul + H.c. (46) 
After spontaneous symmetry breaking the quark mass matrices are 

Mrf = [v^Y,^ + V2e"'Y^) , M„ = [viY^ + v^e-'^Y^) , (47) 

where a a general phase for the vev of $2 and vi and V2 are, without loss of generality, 
real. These matrices are bi-diagonalized as 

Ui^MdUdR = Dd = diag (m^, m^, mi,) , (48) 

Ul^MJJuR = Du = diag (m„, rric, mt) . (49) 

^Another proposal for the structure of the scalar couplings to fermions is the suggestion that the two 
Yukawa couplings are aligned in flavour space [351 1^461 1247) . 
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In terms of the quark mass eigenstates u and (i, the Yukawa couphngs are: 
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The fields pj, rjj (j = 1,2) arise when one expands [9] the neutral scalar fields around 
their vevs: $° = (e*"^ / a/2) {vj + pj + irjj). The physical neutral-scalar fields are linear 
combinations of H^, R, and I. 

The fiavour-changing neutral currents are controlled by the matrices and Nu , which 
are given by: 



uIl {v2Yl'-v,e-^'^Y^)UuR. 



V2 



(54) 
(55) 



In general these matrices are not diagonal, hence there are FCNC Let us consider, for 
example, and rewrite it as [248] : 



Nd 



V2j^ V2 fv2 ^ Vl 



V2 \vi 



+ 



V2 



Ul,e^^Y'U, 



dR, 



(56) 



clearly, the first term in the right-hand side conserves fiavour, but the second one leads, 
in general, to FCNC. The CKM matrix is given by = U^^UdL, therefore, if we want A^^^ 
to be entirely controlled by V, we need, on the one hand, to get rid of its dependence on 
UdR and, on the other hand, to relate [/]^ to V. A solution to these two requirements by 
means of symmetries was found in Ref. [237] and corresponds to the BGL models. 

In Ref. [237j a fiavour symmetry is imposed which constrains Uul to be of the form 



uL 




(57) 
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where x denotes an arbitrary entry. This leads, from the definition of V, to: 
In addition, the fiavour symmetry imposes the following condition 



Y.^UdR =10 1. (59) 




This guarantees that only the third row of UdL appears in A''^, as can be easily checked 
from eq. ( !56|) . This row is exactly the one that coincides with the third row of V. 
To get rid of UdR in Nd, the fiavour symmetry also enforces the relation 

'^Y,' = PMd, (60) 

where P is a projection matrix. In order to be consistent with eq. (l59|) . the matrix P 
must be given by: 

/ \ 

P = , (61) 
\0 ij 

immediately leading to texture-zeros for Y2 such that eq. (l59l) is verified. Furthermore, 
the appearance of in eq. fl60l) allows to absorb UdR. 

Branco, Grimus, and Lavoura have imposed the following symmetry 5* on the 2HDM: 

Qls^e^^Ql,, ul,^e'^^u'^„ $2 ^ e^^^^, (62) 

where 7^ 0, tt and all other fields are invariant under S. The Yukawa couplings consistent 
with this symmetry have the structure 



Yf=\ X X X 1 , 1^2^ = I I , r « = I X X 1 , 17 = I 






X 

(63) 

Notice that the matrices are block diagonal; this is crucial in order for Uul to be as 
in eq. (1571) . Furthermore, these four matrices satisfy 

PY^^ = 0, PY^ = Y^, PY^ = 0, PI7 = Y^^. (64) 

The structure of zeros in the matrix Y2 leads to the important relation: 

{ukY^),^ = {uk)jY,%^V.,{Y,fl,. (65) 
Together with eq. (160|1 inserted in eq. (156|1 . one then obtains |237] 

(^^).- = ^ (^^).- - (J!^ + ^) ^-^3. (Dd)^, , (66) 
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whereas 



u 



diag (0, 0, nit) H diag (m„, m^, 0) . 

Vl 



(67) 



In this example there are scalar-mediated FCNC in the down sector but no FCNC in the 
up sector. 

In general, BGL models are six different models, as was emphasised in [237] . Three 
of these models have FCNC only in the down sector, and are obtained from the three 
different projection matrices similar to the matrix P introduced above, but, in each case, 
with the diagonal unit entry in one of the other two alternative positions. Another three 
models are obtained by exchanging the patterns of zeros of the Yf and Y^^ matrices, i.e. 
by exchanging the up and down quarks. From eq. (l62il it is straightforward to write 
down the flavour symmetries corresponding to each of the six cases. The relations given 
in eq. flM|) result from the imposed symmetry. All BGL models obey relations of this 
type for the corresponding projection matrices. These relations guarantee that the scalar 
flavour- changing neutral couplings can be written in terms of quark masses and CKM- 
matrix entries \24^\ . The stability of these equations under renormalization is crucial; 
this feature was analysed in |250j . with the help of the one- loop renormalization-group 
equations for the Yukawa couplings generalized from Ref. [39] . 

In each of the six models, one can study the phenomenological constraints by compar- 
ison with the type III model. For the specific model discussed in the last paragraph, for 
example, one can compare the FCNC coupling bsH in the two models directly: 



which numerically gives A^^ = 0.14 + ^j, as compared to Xbs = 1 in the type III 

model. Similar expressions can be found for the other FCNC couplings, as well as for 
the other five models. Thus, the bounds in the previous section can be used to find the 
phenomenological bounds in the BGL model as well [^. 

In the example given here the scalar-mediated FCNC are suppressed by the matrix 
elements of the third row of the CKM matrix; this is due to the fact that P is the pro- 
jection matrix with unit (33) entry. In the alternative cases, corresponding to a different 
projection matrix P, the suppression is given by the row indicated by the non-zero entry 
in the corresponding matrix P. In these additional cases the suppression of the scalar- 
mediated FCNC is not as strong as in the example above. From the point of view of the 
authors of Ref. [238], these additional cases do not qualify as MFV models, since they do 
not comply with the ingredients imposed by their definition of MFV. In the next section 
we generalize BGL models and compare them with the MFV definition of Ref. [238] . 

3.3 MFV generalized 

In Ref. [249] the question was addressed of how to find a general expansion for A^^ and 
A^° which conforms with the requirement of having all the flavour-changing couplings of 

^In Ref. |251) a specific analysis of BGL models, especially their consequences for neutral-meson- 
antimeson mixing, has been performed. 




(68) 
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the neutral scalars related in an exact way to elements of the quark mixing matrix. Here, 
and denote and when still in a weak basis: 

Vie'^'Y,^) , (69) 

vie-'"Y^) . (70) 

The strategy was imposing that A^^ and iV° be only functions of and with no 
other flavour dependence. Furthermore, and iV° should transform appropriately under 
weak-basis (WB) transformations. 

Weak-basis transformations are defined by: 

qI^WlQI dl^wid% (71) 

Under this transformation, the quark mass matrices Md and transform like 

M^^WImMr. M^^wIm^W}^, (72) 
and the matrices UdL, UdR, Uul, and Uur defined in eqs. (HSj) and fHOl) transform as: 

UdL^WlUdL, UuL^WlUuL, UdR-^Wl^UdR, UuR ^ Wl^^UuR- (73) 

Under a WB transformation A'"^ and transform in the same way as Md and M^, 
respectively. Furthermore, the Hermitian matrices Hd,u = Md,uM\^ transform under a 
WB as: 

Hd^WlHdWL, H^^WIh^Wl. (74) 
From eqs. (HHD and (HH]) it follows that 

Ul^HdUdL = Dl Ul^HJJ^L = Dl (75) 

It is convenient, for our propose, to write Hd-, in terms of projection operators |252] : 

i 

where 

Pt^ = UdLP^UlL. {Pi)^, = 5,,5.u. (77) 

Analogous expressions hold for Hu- 

Based on the above considerations, the following expansion for N'^ and A^°, with the 
correct transformation properties under WB transformations, was proposed |249j : 

AtO = \^Md + \2^UdLPiUlLMd + h^UuLPiUiLMd + .... (78) 
A^° = nMu + T2,U^LP^U\J^M^ + T^^UdLP^UlLMu + .... (79) 

In the quark mass eigenstate basis these equations become 

Nd = XlDd + X2^P^Dd + X3^V^P,VDd + ..., (80) 

Nu = TiD^ + T2iPiD^ + niVPiV^D^ + .... (81) 



iV° = UdLNdUl^ 



K = UulNXr 



7=2 (-^^^ 



V2 
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This meets the requirement of having all the flavour-changing couplings related in an 
exact way to the quark mixing matrix, with no additional flavour dependence. 

In eqs. (I78|l and (I79|) the lambda and tau coefficients are dimensionless. The building 
blocks of the expansion are given explicitly in eq. ( !77|) for the index d\ they are of the same 
form for the index u. Notice that, in addition, there is the possibility of having different 
coefficients for difference values of the index i (ranging from 1 to 3), corresponding to 
different projectors Pj. 

In Ref. |238] a different expansion is used. There, the building blocks are Y^^^ and 
YuY^, where Y^ and Y^ are the Yukawa-coupling matrices. These matrices are also di- 
mensionless. Such an expansion can be accommodated in eqs. (1751) and (|79l) . however, 
but in that case the lambdas and taus would become dimensionless functions of the quark 
masses. 

In theories where the MFV requirement results from the imposition of a symmetry 
there are constraints on the coefficients lambda and tau appearing in eqs. (IHOl) and flHTl) . 
This is the case for the BGL example presented in the previous subsection, which corre- 
sponds to the truncation 



with lambdas and taus fully determined as functions of tan/3 = V2/vi. 

More details about different aspects of this MFV generalization can be found in 



A study on the effectiveness of the two different hypothesis. Natural Flavour Conser- 
vation and Minimal Flavour Violation, in suppressing the strength of flavour- changing 
neutral currents in models with more than one Higgs doublet was performed in Ref. [253] . 

3.4 Two-Higgs Leptonic Minimal Flavour Violation 

In order to study the phenomenological implications of models with an extended Higgs sec- 
tor it is necessary to specify the lepton sector in addition to the quark sector. Furthermore, 
the analysis of stability under renormalization requires the entire set of renormalization- 
group equations both in the quark and lepton sectors. In Ref. |250j the extension to the 
lepton sector of models of BGL type was considered. In particular the minimal discrete 
symmetry required in order to implement the models in a natural way was given and 
stability was analysed. Different extensions of the MFV principle to the leptonic sector 
were considered previously in Refs. [254^ 1255^ 1256] . 

The case of Dirac-type neutrinos is straightforward. The Yukawa couplings for both 
the quark and the lepton sectors are given by: 




(82) 



(83) 



Ref. [219]. 



UiiY^^i + Y^^2) ll-lA {yi^i + y2^2) yl + H.c, 



(84) 
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where Yj" and Yj' denote the couphngs of the left-handed leptonic doublets L° to the 
right-handed charged leptons and neutrinos z/^. If there are no additional Majorana 
mass terms, the parallel between the quark and leptoni sectors allows to apply similar 
discussions to both sectors. 

In the case of Majorana-type neutrinos there is no lepton-number conservation. In the 
seesaw framework with three right-handed neutrinos, an additional invariant mass term 
of Majorana type for right-handed neutrinos, i.e. (l/2)z/^ C'^Mru'^, must be included in 
the Lagrangian. As a result there will be three light neutrinos z/j and three heavy neutrinos 
iVj. In order to obtain FCNC in the charged- lepton sector completely controlled by the 
lepton mixing (PMNS) matrix, together with no FCNC in the light-neutrino sector, a Z4 
symmetry is required. An example is |250] : 

L%^e^^Ll„ ^ e2^^z.°3, $2 ^ e^'^$2, (85) 

with ip = 7T /2; all other fields are invarant under Z4. The most general matrices YJ', Y-' , 
and Mr consistent with this Z4 symmetry have the following structure: 



= X X X , = , (86) 
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Y^ =\ X X , K," = \,Mr=\ X X , (87) 



where x denotes an arbitrary entry while the zeros are enforced by the symmetry Z4. 
Note that the choice of Z4 is crucial in order to guarantee (Mr) 33 7^ and, thus, a 
no n- vanishing det Mr. 

The scalar couplings to the neutrinos are more involved than those to the charged 
leptons, since they include couplings to two light neutrinos, two heavy neutrinos, or one 
light and one heavy neutrino. They are explicitly given in Ref. |250] . 

As a result of the .Z4 symmetry, the scalar potential acquires an exact ungauged 
accidental continuous symmetry, which is not, though, a symmetry of the full Lagrangian. 
The simplest way of avoiding the ensuing pseudo-Goldstone boson after spontaneous 
symmetry breaking is through the introduction of a soft symmetry-breaking term of the 
form m\2^\^2 + H.c. 
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4 Charged Higgs bosons 



One of the most important features of all 2HDMs is the existence of a charged scalar if^. 
This state is orthogonal to the longitudinal component of the gauge boson W^. The 
study of the properties of if^ will be essential to understand which 2HDM — if any — has 
been chosen by nature. Most of the phenomenological studies of 2HDMs have indeed 
focused on the charged scalar. The can be readily pair-produced through Drell-Yan 
processes and — unlike the neutral scalars — can never decay "invisibly". In addition to 
direct production, it can have sizable indirect effects in B physics and is a major topic of 
analysis in studies of rare B decays. 

The first paper to include the words "charged Higgs"0 in its title was the one by 
Tomozawa |258j . in which the charged scalar in a vector-like model has been studied. 
In the context of a 2HDM, the phenomenology of charged scalars was first discussed in 
detail by Donoghue and Li |259] . Following that there was an explosion of interest in the 



charged Higgs. This interest is sufficiently great that a series of three conferences studying 
the properties of charged scalars — CHarged 2006, CHarged 2008, and CHarged 2010 — 
have been held in Uppsala; the proceedings of those conferences are readily available 
|260[ I26H 1262] and provide an enormous source of information on both the theory and 
phenomenology of charged Higgs bosons. 

For all four models without tree- level FCNC discussed in Chapter 3, the most general 
Yukawa couplings were written in ^U] as 



+ H.C. 



where V^d is the element of the CKM matrix corresponding to the charge 2/3 quark u 
and the charge —1/3 quark d. The values of X, Y, and Z depend on the particular model 
and are given in Table |H In the type I model the couplings to all fermions are suppressed 





Type I 


Type II 


Lepton-specific 


Flipped 


X 


cot /3 


cot /3 


cot (3 


cot f3 


Y 


cot /3 


— tan /3 


cot (3 


— tan/3 


Z 


cot 13 


— tan /3 


— tan (3 


cot (3 



Table 3: The parameters X, Y, and Z in eq. fl88|) for the four models without FCNC. 



if tan/3 3> 1, meaning a fermiophobic charged Higgs. In the same limit tan/3 ^ 1 one 
has in the lepton-specific model a quark-phobic but leptophilic model, which could lead 
to a huge branching ratio for — > r^z/. In both cases, the quark-phobic nature of the 

^"As emphasised by Georgi [257] . the phrase "charged Higgs" is misleading. If the Higgs is defined to 
be the field that acquires a vev, then the Higgs cannot be charged since electromagnetism is unbroken. 
If the charged Higgs is defined to be the charged member of an SU (2) doublet whose neutral component 
acquires a vev, then the charged Higgs is the longitudinal component of the . The phrase "charged 
scalar" is thus preferable, yet the nomenclature "charged Higgs" is by now so common that we shall adopt 
it here. 
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model eliminates constraints from rare B decays. The type II model is the most studied 
one; large contributions to rare B decays are possible in it. The flipped model has only 
recently been studied. In the next section we shall review the properties of the charged 
Higgs in each of these models. 

In models with tree-level FCNC, discussed in Chapter 3, it is much more convenient 
to use the Higgs basis, in which one doublet has a vev and the other doublet is vev-less 
(see the discussion in Chapter 5). In the models without tree-level FCNC, this basis is a 
disadvantage, since the Yukawa couplings and discrete symmetry adequately specify the 
basis; with FCNC this disadvantage vanishes. This was pointed out by Atwood, Reina, 
and Soni |216j . As shown there, in the Higgs basis, the Hi field (which acquires vev) 
has diagonal couplings to fermions, which are identical to those in the Standard Model, 
whereas the couplings of H2 to quarks are given by 



where the quark fields are mass eigenstates and the matrices ^ ' are in general not 
diagonal. Defining the rotation matrices V^'^ , the neutral flavour- changing couplings are 
related to the original ones by Vl and Vr. Since the definition of the ^^^'^ is arbitrary, 
one can, without loss of generality, replace the rotated couplings by the original ones. For 
the charged flavour changing couplings, we then have 



The Cheng-Sher Ansatz discussed in Chapter 3 gives the matrices as a constant of 
0(1) times the geometric mean of the respective Yukawa couplings. Similar results are 
found for the leptonic sector, with Vckm replaced by the Vpmns matrix. In the third 
section of this Chapter we shall review the phenomenology of the charged Higgs in these 
models. 

4.1 Models without tree-level FCNC 

The differences among the various 2HDMs concern the Yukawa couplings to fermions. 
At the recent CHarged 2010 meeting there have been many discussions of benchmarks 
for these various 2HDMs [262] . They were summarized, in the context of LHC searches, 
by Guedes et al. [263]. More details, together with numerous plots, are in the talk by 
Santos at that meeting [262] . A large group has studied specific benchmarks for each of 
the various models; that work is summarized in the reports by Krawczyk et al and by 
Osland et al at the meeting. Some of the models, other than the type II model, have 
been discussed in the talk by Akeroyd [262] . A very comprehensive analysis of charged 
Higgs phenomenology for all four models can be found in the recent article of Aoki et 
al. [36]. Jung, Pich, and Tuzon [246] have considered many processes within their general 
"aligned two Higgs doublet model" — in which it is assumed that the Yukawa-coupling 
matrices are proportional, hence FCNC are absent at tree level. Since that model has 
many parameters, we shall not go through their analysis explicitly. However, a valuable 
feature of that analysis is that, from its results, one can explore the limits from indirect 
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processes in all four models, which are all limiting cases of the aligned two Higgs doublet 
model. A discussion of the decay of the top quark into H~^b in a very general 2HDM can 
be found in Ref. [26lj . 

We shall summarize in the following the production and decay of the charged Higgs 
in each of the four models, and discuss various constraints. In the type II model and in 
the flipped model there is a lower bound of about 300 GeV for the mass of stemming 
from b — )■ 57; this bound comes from charged Higgs bosons in the loop. However, this 
bound is only valid if there is no additional New Physics. If there is New Physics, even a 
relatively mild cancelation can weaken the bound substantially. Therefore, we shall also 
examine other, somewhat weaker bounds. 

4.1.1 The type II model 

Since supersymmetric and Peccei-Quinn models are all of type II, the type II model is 
the most studied one. The Yukawa couplings are given in Table 3; one can see that the 
coupling of the charged Higgs to the top and bottom quarks is governed by either the 
bottom-quark mass times tan /3, which may be large, or by the top-quark mass times cot /3. 
As a result, one expects potentially large virtual effects in 6-quark decays and mixing. In 
fact, one of the major motivations for the B factories was the possibility of New Physics 
coupling strongly to the third generation; the type II 2HDM is the simplest example of 
this. 

A very strong bound on the mass of the charged Higgs comes from studies of i? — ?■ ^^7. 
The charged Higgs appears in the loop. A nice review with a comprehensive list of 
references is in the article of El Kaffas et al. [88j . Early analyses can be found in Refs. |265l 
12661 1267[ 1268] . An explosion of interest occurred after the realization that the top quark 
was heavy and after QCD corrections were considered [2691 ISlQl [2711 ISISl [2^ ^7^. 
These models were shown to be quite scale dependent [2751 1276] and this has led to a 
calculation of the next-to-leading (NLO) order, where the scale dependence is substantially 
reduced |277[ I278i I279[ 1280] . Discussions can be found in the reviews of Haisch [28 Ij 
and of Hurth and Nakao |282j . and more recent results on all B decays in the recent 
talks of Rozanska [262] and Hurth |283j . The effects of the charged Higgs in the loop 
add constructively M\ [286]. The most detailed calculation is the 0{a'i) 

calculation by Misiak [SI] and gives mj^± > 295 GeV for virtually all values of tan /3 (the 
bound increases slightly for low values of tan/3, see |281j ). A more recent measurement 
of the rate by BELLE |287] does not change this bound. 

Other bounds are even more severe, but only at large tan/3. The process B ^ rv has 
been studied. This is not a loop process and proceeds instead through tree-level virtual 
exchange. The rate is given by |288l I289j 



Combining the BELLE [2901 [29l] and BABAR [292] results, the Heavy flavour Averaging 
Group found |293j the branching fraction to be (1.64 ±0.34) x 10~^. The ratio of this 
measured value to the Standard Model prediction |294] is 1.37 ± 0.39. This gives a lower 
bound which, at 95% confidence level, excludes a region which rises from 300 GeV for 
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tan /3 = 40 to 1100 GeV for tan /3 = 100. However, there is a small window in this region 
which is still allowed. The reason for that window is shown in Fig. [TU where one can see 




tanp 

Higgs contribution = double SM contribution 



Figure 14: On the left one has the prediction for th — the ratio between the value of 
BR (5+ — > T^Ur) in the type II 2IIDM to that in the Standard Model — as a function 
of tan P /mH±- Given the experimental value, one has on the right the ensuing con- 
straints in the mH±-tan (3 plane; the narrow window corresponds to the allowed region 
near tan [3 /mH± = 0.2 and the yellow band corresponds to the region of mH± already 
excluded by direct searches at LEP. Figure from the talk by Rozanska at the CHarged 
2010 workshop [262] . 

a narrow region of tan /3 which is still allowed. 

That window can be closed by considering the process B D^*hur. In that process 
the CKM angles are better known; also, many of the experimental and theoretical uncer- 
tainties cancel out in the ratio |295l 1296] in which the r is replaced by a lighter lepton — in 
which case the contribution from exchange is negligible. It is found (see Ref. [295] for 
details) that the window is completely closed by this process — which does have its own 
window, but that is closed by i?+ — )■ r+z/^. 

For small values of tan (3, the value of R^, which is the ratio of F — t- bUj to the total 
hadronic width of the Z, can be affected at one loop through the exchange of H^. Haber 
and Logan found [297] that the ensuing constraints will be more severe than those from 
6 — )■ S7 for values of tan/3 < 1.4; radiative corrections to their results are in Ref. [298] . 
Very similar bounds were obtained [299] by considering Attib and Am^^. Other bounds, 
which tend to be weaker, can be found from rare K, D, and r decays; a comprehensive 
analysis is found in the recent paper of Deschamps et al. [300] . Such a comprehensive 
analysis can be very valuable since it is possible that New Physics might weaken some, 
but not all, of the bounds. 

The results are shown in Fig. [T3 There one clearly sees the various contributions. 
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Figure 15: Bounds in the mj:/±-tan/3 plane from various 5-physics constraints. This 
figure was extracted from the article by Haisch [281] . 

Note that the direct bound from LEP is substantially weaker than the indirect bounds. 

It is still important to look at bounds from direct production of H^, because it is 
always possible that New Physics weakens the bounds from h — )■ 37. In fact, that is 
precisely what occurs in supersymmetric models. It can be seen that a weakening of this 
bound would allow, for smaller values of tan/3, charged-Higgs masses somewhat below 
100 GeV. 

To study direct production bounds, and to explore prospects for the LHC, the produc- 
tion rates and branching ratios of the charged Higgs are needed. The branching ratios have 
been studied quite thoroughly — Ref. [17] contains an extensive review of the literature. 
A recent analysis [53] used the FORTRAN code HDECAY |301] . The program includes 
final-state mass effects, full one-loop QCD corrections and running masses, and off-shell 
decays to tb below threshold. In principle, decays to S^W^ are also possible, where 
is a neutral scalar. However, the masses of these scalars are unknown and, moreover, the 
branching ratios in most of the parameter space are much smaller than 1%; thus, they 
are neglected in much of this discussion. We shall, however, discuss these possibilities 
at the end, since there could be a substantial rate in the type II model — but not in the 
MSSM — for part of the parameter space, as emphasised by Kanemura et al. |302] . Note 
that there is no Z^W^H^ vertex in the 2HDM. 

The results are shown in Fig. [TBI We see that, above the kinematic limit, the de- 
cays into tb are completely dominant, but, for lower masses mfj±, the decays into r+z/,- 
dominate. The decay into cs can also be significant for small values of tan /3. Now, all 
the current direct searches are sensitive only to charged-Higgs masses below the kine- 
matic threshold for decays into tb. Therefore, the main decay modes in the present 
direct searches are into r+z/^ and cs. The LEP combined limit on is 78.6 GeV and 
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Figure 16: The branching ratios of the charged Higgs in the type-II 2HDM. Decays into 
S^W^ {S^ is a neutral Higgs boson) are not included. This figure is from Ref. |53] . 



has been calculated [303] assuming the existence of only those two decay modes (in the 
fiipped model the decay into cb is more significant than the decay into r+z/,- 

Searches have also been performed at the Tevatron. The CDF Collaboration |304] has 
assumed that BR [H^ — )■ cs) = 1 and has therefrom found bounds on the branching ratio 
of t — )■ H^b. Logan and MacLennan [53] noted that the CDF analysis also applies to 
decays into cb and therefore also applies to the fiipped model. However, in the type II 
model the CDF assumption is valid only for small (less than 1) values of tan/3 and only 
for charged-Higgs masses near the LEP bound. The DO Collaboration [305] . on the other 
hand, has considered both scenarios in which BR {H^ — )■ cs) = 1 and BR {H~^ — >■ t'^i't) = 
1; the latter scenario is certainly valid at large tan/3 in the type II model. DO [306] and 
CDF [307] have also looked for associated production of a charged Higgs with a W. 

These papers give upper limits on the branching ratio of the top quark into a charged 
Higgs and a bottom quark. This can be converted into a bound in the m//+-tan /3 plane. 
We use the well-known expressions for the branching ratio (see the appendix of Ref. [S3] 
for a simple expression) and find the results in Fig. [T71 As expected, the present bounds 
only exclude regions of parameter space for either large or small tan/3; a charged-Higgs 
mass of about 100 GeV is thus still allowed. Recall that one is assuming that some New 
Physics cancels the contribution to 6 — )■ 57, and it is possible that this New Physics could 
also lead to alternative production and decay mechanisms. 

In the future much of this parameter space will be probed at LHC. The ATLAS [308] 
and CMS [309] Collaborations have studied top-quark pair production in which one of the 
tops decays into H^b. They have assumed that the charged Higgs subsequently decays 
into r+z/, as is the case in the type II model except for very small tan /? of 0(1). Techniques 
to improve these studies have been discussed in Ref. [310] . Also shown in fig. [T7] is the 
expected reach of LHC, as found in the ATLAS analysis for a collision energy of 14 TeV 
and with 30 fb"^ of data; ATLAS gave the expected reach in the t — )■ H^b branching ratio 
and we have converted this into a bound in the m//±-tan/3 plane. The CMS analysis 
was explicitly model dependent by using the MSSM, and in that particular case it could 
partially close the allowed window at intermediate tan/3. Again, for intermediate values 
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(GeV) 

Figure 17: Current Tevatron bounds on the mass of the charged Higgs as a function 
of tan/3. The small sliver near the lower-right corner is excluded by CDF but not by DO. 
The dashed lines are the bounds which are projected for the ATLAS experiment with 
30fb~^ of data; the regions that would then be excluded are those outside the dashed 
lines. 

of tan /3 there is in general a large window that can be closed neither at the Tevatron nor 
at the LHC. The ILC, on the other hand, will readily be able to produce charged-Higgs 
pairs and thus to cover the entire parameter space for Higgs masses lower the mass of the 
top. There has also been a discussion of the possibility of detecting the H"^ — > /i"*"//^ after 
300 fb-i in Ref. |3TTj . 

For larger Higgs masses the decay of is overwhelmingly into th. This will be subject 
to very large backgrounds and is thus quite challenging. For moderately large tan /3 
the branching ratio of — > t^Vt is approximately 10% and this might be sufficient to 
pick out the signal. In fact, most search strategies must study the latter decay mode. 

The primary production mechanisms at the LHC are single charged-Higgs produc- 
tion and pair production. The single charged-Higgs production processes include gluon 
fusion [313] ■ quark fusion [314^ 1315^ 13161 1317] . quark-gluon fusion ES], associated 

^^If the charged Higgs is produced in associated with a top quark, it has been argued |312j that one 
might be able to detect the decay into tb. 
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W^H^ production [SSI EH ESDI IMl 13221 MM and AH^, HH^, hH^ produc- 
tion [3251 13261 13271 |328l |329]. Most of these works have focused on the MSSM, although 
enhancement in the general type II model is referred to in Ref . [86] . Pair production has 
also been calculated: the Drell-Yan and bb — ^ H^H processes most recently in [330] , and 
weak-boson fusion in [331] . Another production mechanism is associated production of a 
charged Higgs with a top quark, which can lead to interesting consequences for the top 
quark polarization and the angular correlations of its decay products [332] . and also in the 
left-right asymmetry in the polarized top quark production cross section [333] . Although 
strictly a type II model, associated W^H^ production in a model with spontaneous CP 
violation (i.e. a relative phase between the vevs) was studied in Ref. [334] . They found 
no observable effects from associated production, but did note that the model allows the 
charged Higgs mass to be substantially smaller than the conventional type II model. 

The ATLAS [308] and CMS [335] Collaborations have used the production cross sec- 
tions to explore the reach of the LHC. Their conclusions are that detection of the charged 
Higgs boson through its decay into £b will be swamped by large backgrounds, hence the 
decay mode t^Vj. is the most promising one. Both analyses use various versions of the 
MSSM but one would not expect the results in the type-II 2HDM to differ substantially. In 
each case, the reach on the branching ratio is give, and we have converted this into a reach 
in the m//±-tan/3 plane. The ATLAS Collaboration finds a discovery {i.e. , 5(t) reach 
which ranges (for an integrated luminosity of 30 fb~^) from tan /3 = 28 for m//± = 200 GeV 
to tan/3 = 65 for = 350 GeV (these values of tan/? are lower bounds). The CMS 
Collaboration, in a slightly different MSSM scenario, finds a discovery reach, for the same 
integrated luminosity, which varies from tan /3 = 28 for uih^ = 200 GeV to tan /3 = 65 
for mH± = 450 GeV. The exclusion bounds correspond to much lower values of tan/3, 
of course — ATLAS, for example, can exclude tan/3 > 12 (50) for charged-Higgs masses 
of 200 (600) GeV. The main production mode is gb — ?■ tH^ . For associated W^H^ 
production, a signal can be found [321] for large tan /3 in the 150-300 GeV mass region. 

Since most of the above analyses were done in the context of the MSSM, it is important 
to focus on the differences in the type II 2HDM. As noted in Ref. [321] . if the mass of 
a neutral scalar is larger than mH± + fnyy, then one can resonantly produce this neutral 
scalar in the s-channel, leading to a huge enhancement in the cross section for associated 
production. It is difficult to make a plot of the expected reach, though, since the rate is 
very sensitive to the neutral-scalar couplings and mass, but one should keep in mind the 
possibility that the rate for associated H^W^ production might be considerably larger 
than expected. 

A detailed analysis of the way in which the phenomenology of the type II 2HDM may 
differ from the one of the MSSM was recently carried out by Kanemura et al. [302j . Their 
main point is that the Higgs masses are very tightly constrained in the MSSM, therefore 
certain decays that would otherwise be allowed cannot occur there. For example, for 
much of parameter space in the MSSM the charged Higgs, the heavy neutral scalar H, 
and the pseudoscalar A are very close in mass, therefore decays such as W^A or 

— )• W^H are kinematically forbidden, and — )■ W^h is suppressed by phase space. 
In the general type II 2HDM, on the contrary, those decays are allowed. 

To be specific, Kanemura et al. [302] have considered tan/3 = 1-3 and m//± > 
250 GeV — as noted above, the LHC will be insensitive to such masses in all the MSSM 
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scenarios. They also consider the case tjia = "m-H^i f^H = 150 GeV, and ruh = 50 GeV 
as an illustrative example. For sin (/3 — a) = 0.1, they find that, for tan /3 = 3 the dom- 
inant decay mode (over 90% branching ratio) of the charged Higgs is into W^h and for 
tan /3 = 1 the branching ratio of that mode rises from 40% to 80% as the charged-Higgs 
mass goes from 250 to 600 GeV. They obtained similar results for sin (/3 — a) = 0.9 (now 
with rrih = 120 GeV in order to avoid LEP bounds), except that the dominant decay 
mode then is W^H. Note that, for the charged-Higgs mass region that they consider the 
dominant branching ratio is into tb in the MSSM. 

This has a huge effect on the phenomenology. By the time the LHC has been running 
for a few years, the neutral Higgs bosons will presumably have been discovered and, once 
their masses are known, the decay H"^ — > W'^^hyH) should be quite straightforward to 
detect. Thus, for a substantial part of the parameter space, the charged Higgs will be 
easier to detect in the type II 2HDM than in the MSSM. 

Borzumati and Djouadi [336] have studied the observation of the decays iJ^ — )■ 
W^{h,H) at LEP and the Tevatron. It should be noted that their rate can be sub- 
ject to large radiative corrections [721 1337] . Searches for the charged Higgs by using the 
decay mode — )■ bbW^ have been performed at the Tevatron [ 338j and will be studied 
at the LHC ^33911310] . 

The production and decay of the charged Higgs in the "Complex two Higgs doublet 
model" was studied in Ref. [334] . In this model, one violates CP invariance by making 
the term in Eq. 2 complex. They calculate CP violating asymmetries for and H~ 
production and decays, including one loop effects. They modified the codes for FeynArts 
and FormCalc to incorporate this model. It is found that CP violating asymmetries are 
substantially smaller than in the MSSM, and do not exceed 3%. 

4.1.2 The type I model 

Since both supersjTiimetric models and Peccei-Quinn models require a type II 2HDM, 
there has been substantially less discussion of the type I model. Nonetheless, many of 
the early works on 2HDMs discuss that model and it is often considered in more general 
analyses. The seminal paper of Barger, Hewett, and Phillips [30] analysed numerous 
constraints on the charged Higgs in the type I 2HDM, but this was before LEP and a 
relatively light top quark was assumed. There have been numerous studies since then, as 
will be seen in this section. 

There are several key features of the type I model [341] . The relative branching ratios 
of the charged Higgs decaying into fermions are independent of tan p. Assuming that 
there are no decays into lighter scalars — such as — )■ AW~^, hW~^, HW~^ — the decay 
into t^Ut- will have a branching ratio of 70% and the decay into cs will have branching 
ratio equal to 30%, when mH± is below the top threshold. Above that threshold, 
decays almost always into tb. Since the couplings to fermions are proportional to cot (3, the 
charged Higgs becomes fermiophobic in the large tan/3 limit. This might avoid constraints 
from fiavour physics, allowing for the possibility of a charged Higgs in the 100 GeV mass 
range. 

If kinematically possible, one may consider the decays SW~^, where S may be 

either h, H, or A. In this case, the may even be virtual, since in the large tan /3 
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(fermiophobic) limit a three-body decay can still dominate decays into two fermions [7T] . 
In fact, it was pointed out in that paper that a three-body decay can dominate even if 
tan (3 is not so large, since the Yukawa couphngs of the are small if its mass is below 
the one of the top quark. 

As in the type-II 2HDM, we shall begin by considering the constraints from indirect 
processes. Since all of these involve Yukawa couplings, which vanish in the large tan /3 
limit, they will provide bounds only in the low-tan /3 region. As noted earlier, a recent 
comprehensive review by Jung, Pich, and Tuzon |246] has considered many processes 
within their general "aligned 2HDM". One may use their results to explore the limits 
from indirect processes in all four 2HDMs, which are all limiting cases of the general 
approach of Pich et al.; they give bounds in each of the four 2HDMs that we discuss 
explicitly (the bounds for the type II model agree with those in the last subsection). 

In the type I 2HDM the strongest bounds come from the process Z — )■ bb, from ex, 
and from Aitlb^- The value of Rb, the ratio of the width Z ^ bb to the total hadronic 
width of the Z, has been calculated in 2HDMs [721 [213 E12], most recently in Ref. f2M\ . 
Comparing it with the experimental result one obtains bounds with vary from tan /3 > 2 
to tan /3 > 1 when the charged-Higgs mass varies from 80 to 400 GeV. The value of the 
mass difference between the Bg and the Bg was calculated in |343j (some minor but not 
insignificant errors in the calculation were pointed out in [88]), and this also provides 
bounds. Recent calculations by Buras et al. |344[ 1345] of ex also give constraints. 

Putting all of these together leads to the excluded region in fig. [13 There, the solid 
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Figure 18: Lower bounds on tan/3 in the type I 2IIDM as a function of the charged-Higgs 
mass Mh- The solid line is the bound from Ref. |246] and comes from consideration of 
Z — !■ 66, ex-, and Am^^. The dashed hne is the bound in Refs. [IB] and |107] . which arises 
from B — !■ and is very sensitive to assumptions and to input parameters. 

line corresponds to the bounds of Jung, Pich, and Tuzon |246] for the processes in the 
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previous paragraph. As they note, other bounds from B — > Dtu followed by r — )■ £z/ 
are weaker. In Ref. |246] the bound from B — )■ Xgj is also weaker, but Ref. [46j — which 
is primarily concerned with models with tree-level FCNC and will be discussed in the 
next section — obtains a stronger bound from that process, shown as the dotted line in 
fig- flSlI^ The precise value for radiative b decays is very sensitive to input parameters 
and to theoretical errors, so this is not necessarily a disagreement between [16] and |246] 
(one should also note that tan/3 is not directly measurable). In any event, one can see 
that there are no substantive bounds on mH± for moderate and large tan/3, which is in 
sharp contrast to what happens in the type II 2HDM. 

We next proceed to the direct bounds. For the type II 2HDM it was necessary to 
discuss the branching ratios as a function of tan/3. That is not needed for the type I 
2HDM, since the relative fermionic branching ratios are in this case independent of tan /3 
and are, approximately, 65% into r+z/,- and 35% into cs (below the top threshold, which 
is the relevant case for the current direct bounds). The combined LEP bound |303] is 
78.7 GeV. However, this assumes that there are no non-fermionic decays such as — t- 
AW^ (where the is virtual). The DELPHI Collaboration |346] also searched for a 
charged Higgs that decays into either r'^i'r, cs, or AW*; it found a bound of 76.7 GeV by 
assuming that the A was heavier than 12 GeV, similar results were also reported by the 
OPAL Collaboration [3i7] . 

As for the type II model, the Tevatron also has bounds from Drell-Yan pair production 
of a charged Higgs. The CDF bounds in Ref. |3U4] have assumed that BR (if+ — )• cs) = 1, 
which is never the case in the type I 2HDM, so those bounds do not apply. The DO 
bound |305j has considered the case in which the sum of BR (if + — )■ cs) and 
BR(if + — )■ T'^i'r) is 1, which applies here unless there are light scalars. The result is the 
lower line in fig. [T71 This bound, however, is slightly weaker than the one derived by 
Jung, Pich, and Tuzon from indirect processes. Thus, no stronger bounds, as of yet, have 
been obtained by the Tevatron on the type I 2HDM. 

The ATLAS study of a light charged Higgs possibly being produced in top-quark 
decays |308] was explicitly focussed on the type II 2HDM. However, the primary difference 
between the type I and type II models is in the coupling to tb. In the type II model that 
coupling is large at large tan/3, whereas it is always small for large tan/3 in the type I 
model; both models give similar results for small tan/3. As a result, the discovery bound 
at the LHC would correspond to the lower dashed line in Fig. [T71 For large tan/3, the 
top-quark branching ratio into a charged Higgs is too small to detect in the type I 2HDM. 

A study by Aoki et al. |348j of the light charged Higgs at the LHC explicitly focused 
on the type I and Lepton-Specific models has very recently appeared. They analyse 
production rates from top pair production (in which one top decays into H~^b), single 
top production, and direct production through cs — >■ jet. They plot the reach of 

the LHC for 10 and 30 inverse femtobarns at ^/s = 14 TeV and find that over the range 
of charged Higgs masses up to 150 GeV, upper bounds on tan/3 between 6 and 10 can 
be obtained (recall that the very large tan/3 limit is fermiophobic in the type I model). 
Charged Higgs pair production is also considered, and it is shown that constraints are more 
parameter-dependent, but the process might also be detected at the LHC. An analysis at 

^^A separate analysis by Gupta and Wells [107 ' found results similar to those of Ref. ^5] . 
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7 TeV is currently under investigation by the same authors. 

For larger charged-Higgs masses the decay into tb will be swamped by background. 
The t^Ut- decay, which has a branching ratio as high as 10% in the type II 2HDM, is 
much less important in the type I 2IIDM and typically has a branching ratio of order 
ml /ml ~ 10"*^. This makes detection at the LHC impossible if the primary decay is 
fermionic. 

However, there are also neutral scalars S (which may be h, H, or A in the 2HDM) and 
one may consider — )■ SW^. In the large tan/3 limit the charged Higgs is fermiophobic 
and — )■ SW^ would be the leading decay mode if kinematically accessible (and it 
might still be the leading decay mode even if the W"^ is virtual |336] ). We thus see 
that in the large tan /3 limit the most promising decay modes are — unlike what occurs 
in the type II model — into a neutral scalar and a W. As noted in the last subsection, 
searches of a charged Higgs through the decay mode — )■ bbW^ have been studied at 
the Tevatron |338j and LHC |339l 1340] . A plot of the results is premature since there are 
several additional parameters (such as a and the scalar mass) but the decay if^ — )■ bbW"^ 
offers the best hope. An updated analysis of this mode would be welcome. 

4.1.3 The lepton-specific model 

In the lepton-specific (LS) 2HDM the same Higgs doublet couples to both the up-type and 
the down- type (right-handed) quarks, just as in the type I 2HDM, therefore the charged 
Higgs is quark-phobic for large tan /3. Indirect bounds arising from hadronic decays will 
thus be identical to those in the type I model. But, in contrast to what happens in 
the type I 2HDM, at large tan /3 the charged Higgs becomes strongly leptophilic in the 
LS 2HDM, hence the r+z/^ decay mode of the can be dominant. In fact, as we shall 
see, that decay can be dominant even above the tb threshold, leading to quite dramatic 
experimental signatures. 

Some early discussions of the charged Higgs in the LS 2HDM can be found in Refs. [301 
1321 1349] . It has also been discussed recently in the context of dark- matter models [5B] and 
of neutrino mass models [60] . The most recent comprehensive analyses of the phenomenol- 
ogy of the charged Higgs in the LS 2HDM are the articles by Su and Thomas [5l] , by Aoki 
et al. [36], and by Logan and MacLennan [55]; we shall follow those analyses closely. The 
branching ratio of the charged Higgs into r+z/^ is given in Table 14.1.31 (branching ratios 
below 5% are not shown). Decays into W^{h, H, A) are not included in the branching 



Charged Higgs mass 


tan P = 1 


tan /3 = 5 


tan 13 = 10 


tan (3 = 20 


100 


0.70 


0.95 


0.99 


1.00 


200 


0.05 


0.20 


0.80 


0.97 


300 


0.00 


0.05 


0.40 


0.92 



Table 4: Branching ratio of the charged Higgs into tu for various values of the charged 
Higgs mass (in GeV) and of tan (3. For mH± = 100 GeV and tan/3 = 1 the remaining 30% 
branching ratio is into cs; for all the other entries the remaining branching ratio is almost 
entirely into tb. 
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ratio computations; by using MSSM values for the mixing angles and for the light-scalar 
masses, Logan and MacLennan have shown that the branching ratios never exceed 10%, 
rendering irrelevant for the LS 2HDM some detection strategies involving decays into 
scalars which have been discussed for the type I and type II 2IIDMs. 

We see that, for tan /3 = 1, the branching ratios are identical to those in the type I 
model. But, the T~^i>r decay rapidly becomes dominant as tan /3 increases and is significant — 
and sometimes dominant — even above the tb threshold. Another important feature is that 
the total width of the charged Higgs is much lower than in other models, remaining below 
1 GeV over the entire mass range for tan/3 < 40. Thus one would expect very monochro- 
matic rs in the decay. 

The indirect bounds from B decays are very similar in the LS and type I 2HDMs, since 
they are only relevant for tan/3 close to 1, where the Yukawa couplings are identical in 
both models |246] . The decay B Xg^ gives precisely the same bound as shown in Fig. 
[18] for the type I 2HDM. The decays B — j- and b — t- crz/ do not give useful bounds 
|55j . One can get an effect from B^ — t- r+z/^, since the charged Higgs can mediate this 
decay, but that effect also turns out to be negligible for charged-Higgs masses which are 
not yet excluded by the direct searches. Logan and MacLennan [55] have also considered 
deviations from flavour universality in r decays, finding an exclusion region for a fairly 
light charged Higgs that begins at tan /3 = 65 for m//± = 100 GeV, and rises linearly to 
tan (3 = 200 for mH± = 250 GeV. 

The LEP direct-search limit of 78.6 GeV for the type I 2HDM still applies here. 
OPAL |350] has presented a stronger bound of 92.0 GeV under the assumption that the 
branching ratio into T'^i'r is 100%. This assumption is valid for large tan/3 and thus, 
over the entire range of tan/3, the lower bound will vary from 78.6 to 92.0 GeV. At the 
Tevatron, the DO bound discussed for the type I 2HDM also applies in the LS 2HDM, 
but (as in the former case) it is not stronger than the bounds already imposed by indirect 
searches. Similarly, the ATLAS bound discussed in the previous section, for a charged 
Higgs to be produced in top decays, applies indifferently in the type I and LS 2HDMs. 

There is an additional possibility at the LHC. In all other 2HDMs, detection of the 
charged Higgs above the tb threshold is very difficult due to the huge backgrounds; the 
analyses have had to rely on the small branching fraction of the into r+i/,-. In the LS 
model, however, that branching fraction is very large and will (provided tan /3 is not too 
small) dominate. This sounds promising but, unfortunately, the production rate of 
through gg — )• tbH^ scales like cot^/^ and that will suppress the result. Still, a sufficient 
enhancement at intermediate tan/3 may occur. As noted by Aoki et al. |36], one could 
readily distinguish the type II and LS 2HDMs through the decay rates into leptons as 
opposed to quark, if the charged Higgs could be detected. 

One can also look for pair production of H^H~ proceeding to t^Vt-t^i^t- A similar 
phenomenon was studied by Davidson and Logan |351l[9T] in the neutrino-specific 2HDM, 
to be discussed shortly. They looked at charged-Higgs pair production at the LHC but, 
in their case, the decays of the charged Higgs studied were into /zz/ and ev. It is clear that 
TV will be much more difficult and the missing energy in the r decay will render irrelevant 
some of the cuts that Davidson and Logan used. The possibility of pair production of 
charged Higgs above the top threshold with the charged Higgs decaying entirely into tv 
had not yet, to our knowledge, been studied. 
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One could look at associated production of the charged Higgs with a neutral Higgs, 
proceeding to three rs and missing energy. The only detailed analysis of this possibility 
that we are aware of is the one of Aoki et al. |36]; at the LHC with 300 fb~^ of accumulated 
luminosity, they have found — for scalar masses of 150 GeV — that the signal is compara- 
ble to the background — which originates primarily from W^Z — and they have discussed 
possible cuts. They note that r misidentification (hadrons being identified as rs) may be 
a serious problem; reahstic simulations are necessary. They also study /z/xri/ events; the 
rate is much smaller, since the branching ratio of neutral scalars into muons is much less 
than the one into rs, but the resolution of the muon pair is much better. If the neutral 
scalar has already been identified, this could provide a very useful tag for the charged 
Higgs. Once again, realistic simulations are needed. 

Of course, at an eventual ILC, signatures will be very clean and backgrounds negligible, 
and all of the various 2HDMs will be readily distinguishable (36 j . 

4.1.4 The flipped 2HDM 

In the flipped 2IIDM the Yukawa couplings to the quarks are the same as in the type II 
2IIDM but the Yukawa couplings to the leptons are proportional to cot (5 instead of tan /3. 
As a result, the various bounds from hadronic processes such as -B — t- are identical 
in the flipped and type II 2HDMs. Without a cancellation due to New Physics, the lower 
bound on the charged-Higgs mass is close to 300 GeV. Although the flipped model has 
been discussed in several recent general studies of the four 2IIDMs [501 EH I246[ 1262] , the 
only paper exphcitly dedicated to the phenomenology of the charged Higgs in the flipped 
2HDM that we are aware of is the one by Logan and MacLennan [53j. 

For moderately large tan/3, branching ratios in the flipped and type II 2HDMs are 
quite different. For tan/3 = 1 the branching ratios are identical, see the left panel of 
fig. [161 But as tan [5 increases the branching ratios to leptons become suppressed, as 
shown in fig. (THl One can see that, below the th threshold, the dominant decay of is 
into t'^Vt- for tan /3 ~ 1 and into cb or cs for larger tan /3. 

As stated above, the indirect bounds on mj^i from h — )■ 57, from Atub, and from Rb 
are identical in the flipped and type II 2HDMs. The first process yields a lower bound 
of 295 GeV on mfj± and the other two processes exclude the region tan/? < 1 for higher 
masses — see Jung et al. |246j for plots of these bounds. As noted earher, though, it is 
possible that New Physics cancels out the effects of the charged Higgs in the loop — even 
a fairly mild cancellation would weaken the bounds. 

The bound on mH± from LEP j303j explicitly assumed that if + decays into either t'^Ut 
or cs. While this is true in the type II 2HDM, it is not true for the flipped 2HDM, since the 
decay into cb may dominate for large or moderate tan /3. The ALEPH Collaboration |352j 
produced bounds independent of the quark flavours and one thus knows that mH± > 
79.3 GeV. 

At the Tevatron, the bounds discussed earlier also assume that the charged Higgs 
decays into either cs or T~^i>r. Logan and MacLennan [53] have analysed these experiments 
in the context of the flipped 2HDM. Their conclusions are somewhat similar to fig. [T71 
with a lower bound in the low-tan P region and an upper bound in the high-tan P region, 
cf. [M] for the detailed plots. Just as in the type II 2HDM, there is a large window at 
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Higgs in the flipped 2HDM, from Ref. [53] . 
are not considered. The ratio of the domi- 
strange quark mass, and thus has a sizable 



intermediate tan /3 where the Tevatron is unable to produce bounds on raii± . 

The prospects of detection of the at the LHC are less promising than in the type 
II 2HDM. Firstly, suppose that mii± is above the top threshold. Then one can study 
associated production of a charged Higgs with a top. This is similar to what happens 
in the type II model. There, some hope was obtained by looking at the relatively rare 
decay — )■ t^Vt- In the flipped 2HDM, however, that decay mode is negligible for 
moderate or large tan /3. Thus, there is no advantage to the flipped 2HDM over the 
type II 2HDM. Secondly, suppose that mii± is below the top threshold. The ATLAS 
and CMS studies looking for top decays into a charged Higgs assumed that the latter 
primarily decays into t^Vt- This is generally not the case in the flipped 2HDM and it is 
unlikely that one can get better bounds than the Tevatron. However, an ATLAS study 
|353[ I354j of t — )• H^h^ — >■ cs shows that the sensitivity (at 1 fb~^ at 7 TeV) is better 
than the Tevatron. As shown in Refs. [53] and [355], b-tagging could be used to enhance 
the detection prospects of t — t- H^h, — )■ cb and distinguish between — )■ cb and 
— 7- cs. Such a b-tag would provide sensitivity in the region around the W mass which 
can't be probed at the Tevatron due to backgrounds. 

What about charged-Higgs pair production? For mu± < rrit the dominant decay 
mode [211 E2] is (for moderate tan /3) into cb, leading to cbcb final states which will be 
impossible to detect due to large QCD backgrounds; for a heavier charged Higgs the tbib 
signal will also be impossible to pick out. Thus, Logan and MacLennan [53] concluded 
that the prospects for detection of the charged Higgs at LHC are not bright in the flipped 
2HDM (at the ILC, of course, signatures would be easy to pick out). 
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4.1.5 Other models 

An interesting model that has a potentially exciting charged-Higgs phenomenology is 
the neutrino-specific model [91]. In it, the second Higgs doublet only couples to right- 
handed neutrinos and has an extremely small vacuum expectation value, of order eV. 
Then, the only decay modes of the charged Higgs are into a charged lepton and a right- 
handed neutrino, the coupling constant being proportional to the neutrino mass times 
the appropriate lepton- mixing-matrix element. With the normal neutrino mass hierarchy, 
the decay of would be primarily into /z^z/ and r+z/, with a branching ratio of roughly 
50% into each; for an inverted mass hierarchy, the decays are primarily into e^v (roughly 
50%), with the remainder into ii'^v and t^v. Thus, the most dramatic signatures would 
be — )■ e^v and — )■ yU"*"!/. 

Davidson and Logan [91] have considered the process pp — t- H^H~ — ?■ £+z/£'~z/. Back- 
grounds to this process come from the production of iy"'"iy~, ZZ, Z7, or ti (in which 
the h quarks in the decay of the tops are missed). For mH± = 100 (300) GeV, the produc- 
tion cross section is 300 (5) fb. They have looked at various cuts in order to increase the 
signal-to-background ratio. In the mH± = 100 GeV case, the luminosity needed for a 5a 
discovery is 10 to 70 fb~^ for normal neutrino mass hierarchy and 8 to 15 fb^^ for inverted 
hierarchy (the range depends on the allowed range of neutrino masses and mixings). In 
the mH± = 300 GeV case, the luminosity in the normal-hierarchy case is 55 to 450 fb^ 
and, in the inverted-hierarchy case, 25 to 55fb~^ (these calculations assumed a 14TeV 
LHC). Thus, the signatures in this model are dramatic and within reach of the upgraded 
LHC. 

The primary interest in the Inert Doublet (ID) model is dark matter and not the 
charged Higgs, since a candidate for that matter naturally arises in the model; most phe- 
nomenological studies of the ID model have focussed on its neutral sector, and especially 
on the possibility that the Standard-Model Higgs particle decays into the dark-matter 
particle. Since the charged Higgs in the ID model does not couple to fermions, it will 
only decay into HW^ or AW^, where the is either real or virtual, depending on the 
masses. Cao et al. [175j have considered the associated production of the charged Higgs 
and a pseudoscalar at LHC and have found cross sections (which are very sensitive to the 
masses of both the charged Higgs and the pseudoscalar) of several hundred fb for masses 
below 200 GeV. They have also considered charged-Higgs pair production and concluded 
that, even for relatively low values of the charged-Higgs mass, the backgrounds overwhelm 
the signals. Later, Miao et al. |356[ 1357] found results for the production cross section 
similar to those of Cao et al. and performed a detailed analysis of possible cuts. They 
considered eight different benchmark points and tailored the cuts to each of those points. 
For two of the points a 5(j discovery of the charged Higgs is possible with a luminosity of 
300 fb"'^; in both of these points raH± is only 110 GeV — a heavier charged Higgs probably 
cannot be discovered. Huitu et al. |358j have shown that, if one extends the ID model 
by including a scalar singlet, then the charged Higgs could be long-lived, leading to other 
detection possibilities. Finally, as noted by Ginzburg |262] . the ILC will easily be able to 
detect and study the charged Higgs up to its kinematic limit. 

As pointed out in Chapter 3, the Lee- Wick Standard Model is a very unusual 2HDM, 
in which the second doublet states have wrong sign kinetic terms and masses and negative 
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norms. The neutral sector of the theory is similar to an inert model, but the charged sector 
is identical |198] to a type II 2HDM with tan /3 = 1 and with the sign differences for the 
three point Higgs-Higgs-7, Z and the Yukawa couplings, as well as a factor of —1 for 
each charged Higgs propagator. Carone and Primulando [198] analysed Bg — Bq mixing, 
B — )• Xs7, Rh from Z-decay, Generally, the effects are of opposite sign to the conventional 
2HDM, but the constraints turn out to be similar. They found that the lower bound on 
the charged Higgs mass from B^ — B^, Bg — Bg and h — )■ X^'^ are given by 303, 354 and 
463 GeV, respectively, and that no further bounds can be found from R^. 

4.2 Models with tree- level flavour-changing neutral currents 
4.2.1 The type III model 

The most general Yukawa couplings of two Higgs doublets are given by |359[ 1360] 

QltIIUr^i + Qlii?Dr^^ + QlV2Ur^2 + QlV2Dr^2 + H.C., (92) 

where the r/k {k = 1,2) are 3x3 matrices; we have not included leptonic Yukawa couplings 
for simplicity. With our standard definitions and assuming real vevs, the fermion mass 
matrices are 

M^ = -^(r7fcos/3 + r7fsin/3), (93) 



with F = U,D. Defining 

= r]( cos f3 + r]^ sin f3 (94) 

and the orthogonal combination 

= — r/f sin l3 + ■r]2 cos /3, (95) 

one can move to the ("Higgs") basis where only one doublet, called Hi, has a vev, thus 
generating fermion mass matrices and coupling with . The other doublet, H2, has zero 
vev and couples with . The coupling of the charged Higgs boson then is 

H+U {Vp^Pr- P^VPl) D + R.C., (96) 

where V is the CKM matrix, and the p^'^ matrices have been rotated by the same unitary 
matrices that diagonalize n^'^. Of course, all the charged-Higgs couplings are flavour- 
changing, but the neutral sector will have tree-level FCNC couplings unless p^ and p^ 
are diagonal. This occurs if either t]^ = rj^ = (the type I model) or r^f = 77^ = 
(the type II model); these relations translate into p^ = cot {3 and p^ = —k^ taxi (3, 
respectively, and, since the are diagonal, the p^ then are diagonal too. 

In the type HI 2HDM, neither of these assumptions is made. The Cheng-Sher |206j 
Ansatz, discussed in Chapter 4, is 



P'. = K ^' (97) 
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with the A'^ of 0(1). In Chapter 3 we have shown how this Ansatz is being challenged by 
current experiments. 

Other versions of the 2HDM include the aligned 2HDM [37], in which it is assumed 
that the Yukawa-coupling matrices r^fg are proportional. That model has no tree-level 
FCNC and was discussed in the last section (see |246] for a detailed analysis of the charged- 
Higgs phenomenology of the aligned 2HDM). In another 2HDM, Mahmoudi and Stal [16] 
used the Cheng-Sher parametrization and noted that, if one assumes that the Xij are 
diagonal, then both the aligned 2IIDM and the various Z2 models arise as special cases; 
we shall include that model in this section. One can also find interesting phenomenological 
possibilities by considering specific Yukawa textures |361l 1362] . 

We first discuss direct searches. The LEP bounds on charged- Higgs masses will still 
apply, but the relative branching ratios to r'^i'r vs. cs are parameter-dependent. Still, a 
bound of around 75 to 80 GeV is expected based on the energy scale. Hadronic coUiders 
can extend the reach. In 1999, He and Yuan |316] discussed a new method of detecting 
charged Higgs in models with tree-level FCNC. The idea is that, if a model has a large 
tcH coupling [H is a neutral Higgs), then, from isospin symmetry, there will be a large 
bcH^ coupling and one can produce a charged Higgs through the s channel, since the b 
and c content of the proton is not negligible. Although this process can exist in standard 
2HDMs, it is suppressed by the small Vcb CKM-matrix element. 

In the type HI 2HDM, {p^V)cb ^ p'itVth + p'iych ~ p'it. whereas {Vp^),^ ~ pf^- The 
latter is, in the Cheng-Sher Ansatz^ much smaller, therefore the dominant vertex involves 
c^i^ and not — as in the standard Type I or Type II 2HDM — c^fe/j. With the Cheng-Sher 
Ansatz\M\^ vertex will be quite large, mjnbjv^) ~ 1%. He and Yuan j3l6j find that, 
for a 14TeV LHC with 100 fb"^ luminosity, one would get, for = 300 (800) GeV, 

over 130, 000 (380) single-top events from the charged-Higgs decay and (if kinematically 
accessible) about 180,000(4,000) events H+ W+h W^+(66, r+r"). With appropri- 
ate cuts, this can by seen over the Standard- Model rate (from W*) up to charged Higgs 
masses below 350 GeV, whereas for heavier masses, the signature is not observable. 

A study of this process tb at the Tevatron, where the rates are of course 

smaller, was carried out by the DO Collaboration [363], which was however unable to set 
bounds on mH± unless the coupling of the charged Higgs to qiqj was substantially higher 
than expected in the type HI 2HDM. Further analysis of the DO results was carried out by 
Cardenas and Rodriguez [364] . They looked at a charged Higgs above the tb threshold and 
found that, if Xu = Xtc = 2.8 (5.0), then mH± must be above 230 (264) GeV. Below the tb 
threshold, they found from top decays that the lower bound on mH± is 145 (160) GeV for 
Xu = Xtc = 2.8 (5.0) (the value 2.8 is the perturbative vahdity upper bound [365] ). For 
Xu = Ate = 1, no substantive bound could be found on mH±. Single-top production at 
the LHC will provide a good probe of the model. 

As in the type I and type II models, one can set bounds on the parameters of the 
type HI 2HDM from indirect processes. The first discussion of bounds on mj^^i from 
B — )■ Xg'j in the type HI 2HDM was Ref. [216] , but this was long before NLO corrections, 
which are important, had been calculated. A comprehensive study is difficult because of 
the large number of parameters in the type HI 2HDM. A simplified analysis, in which only 
Xu and Xbb are nonzero, was performed by Bowser-Chao et al. [232] . This has the advantage 
of a smaller parameter space and of the fact that only charged-Higgs loops are relevant — 
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unlike the general case, where neutral-Higgs loops are important too. They allowed for the 
possibility that those two couplings are complex — the relative phase determines whether 
the charged-Higgs loops interfere destructively or constructively, and can also give rise 
to a non-zero neutron electric dipole moment (EDM). Their results are shown in fig. |20] 
for three different values of lA^Abbl. On the x axis is the phase angle, which is 180° in 
the type I and type II models. The type II model corresponds to the middle figure at 
6 = 180°; and one can see the bound of roughly 300 GeV of that model. The shaded 
region is excluded by the experimental upper bound on the neutron EDM. Note that, 
for a reduction by a factor of two of |AftAfefe|, the lower bound on mj^± drops almost to 
the observed lower bound from LEP (this work was done in 1999 and the experimental 
constraints are much tighter now, but NLO effects have been calculated and lower the 
curves only a little, resulting in similar results). They also gave bounds from B-B mixing 
and Rb, but the experimental results have changed a bit since then and the results are 
rather sensitive to those changes. The important aspect of the paper by Bowser-Chao et 
al. is that, through slightly lower values of \Xtt'^hh\i one can substantially lower the bound 
on in the type III 2HDM. 

The most comprehensive analysis of 5 — )■ Xg'-y and of B-B mixing in the type III 
2IIDM was the one by Xiao and Guo [233J and also, with a specific focus on i? — )■ {K*, p)j, 
the study of Xiao and Zhuang |366j . There are numerous plots in these two papers. From 
the B B mass difference, and assuming that only Afej, and A^^ are nonzero, they [233[ 1366] 
find that A^^ < 1.7 for any mjj± < 300 GeV; moreover, even for such small values of Xu, 
there is an excluded region: from 0.75 to 1.6 for 'mfj± = 200 GeV, from 0.95 to 1.4 for 
mH± = 300 GeV, and from 1.15 to 1.25 for mH± = 400 GeV. They also present results 
similar to those of Bowser-Chao et al. for B — t- XsJ, although they use a different set 
of parameters and also improved, updated data. They provide a comprehensive set of 
formulae which can easily be employed for other parameter choices. 

Of course, if additional Ajj are taken to be non-zero the parameter space becomes quite 
large. Some recent analyses that discuss other Ajj include the work of Diaz et al. [367] . in 
which the effects of non-zero Xsb and A^ were discussed {Xsb was found to be unbounded, 
Xtc was found to be smaller than 1), and of Idarraga et al. |368j . who also considered 
bounds from leptonic B decays but chose very large A^^ and A,-t-. Also note that, if 
neutral fields are allowed in the loop, one could get an effect proportional to A^^, which 
is, however, negligible. 

The possibility of s-channel charged-Higgs production at the LHC may provide the 
best method of detection, and detailed simulations would be welcomed. 

As discussed in Chapter [31 the BGL and MFV couplings can be obtained from the type 
III model with the Cheng-Sher ansatz replaced by another ansatz (which may depend on 
parameters and which will vary for different models). Thus, everything in this section 
would apply to these models, but with Xij not being of 0(1). 
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Figure 20: Contours of the branching ratio of 6 — )■ 57 as a function of the charged- 
Higgs mass and of the phase 6 between Xu and A;,;,, for three different values of |A(tAbf,|. 
The shaded areas are excluded by the experimental bound on the neutron electric dipole 
moment. This figure is from Ref. [232]. 
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5 The scalar sector of the 2HDM 



The scalar sector of the 2HDM has many interesting features. In its most general form, 
the potential apparently has 14 independent parameters. However, the fact that the Higgs 
doublets $1 and $2 are not physical observables — only the scalar mass eigenstates are 
physical particles — means that we have the freedom to re-define those doublets, provided 
we preserve the form of their kinetic terms. These basis changes of the Higgs doublets 
allow one to absorb some of the parameters in the potential and are essential to understand 
the number of physical parameters really present in it. 

For several good reasons — the most usual of which is preventing the occurrence of 
FCNC in the 2HDM — it is common to impose a variety of global symmetries on the 
2HDM, thus reducing the number of free parameters. In a highly non-intuitive result, it 
has been proven that there are only six such symmetries which have distinct effects on the 
scalar potential. The six models resulting from each of those symmetries have different 
physical implications: different spectra of scalars, different interactions with gauge bosons, 
and, in some cases, predictions of massless axions or potential dark matter candidates. 

It is the scalar potential that determines the vacuum of the 2HDM, and that vacuum, 
unlike what happens in the SM, is not unique: with two doublets the possibility arises 
that the vacuum of the model spontaneously breaks the CP symmetry — which in fact is 
precisely the reason why T. D. Lee first proposed the 2HDM in 1973 [H]. However, for 
certain values of the parameters in the potential, vacua which violate the electromagnetic 
symmetry, giving mass to the photon, are also possible. Those have, of course, to be 
avoided. Even if one considers only vacua which preserve both CP and the usual gauge 
symmetries of the SM, the 2HDM has a rich vacuum structure: some of the possible 2HDM 
potentials can display so-called "inert vacua" , in which one of the neutral scalars does not 
couple to gauge bosons at all (and can easily be made to decouple from fermions as well). 
Some other potentials may have two different electromagnetism-preserving minima, with 
different predictions for the masses of the gauge bosons, for instance. The 2HDM has 
however a feature which distinguishes it from other multi-Higgs models, such as SUSY, 
the Zee model, or the 3HDM: its vacua are stable and no tunneling from a neutral, 
CP-conserving vacuum to a deeper, CP- or charge-breaking vaccuum, is possible. And 
vice-versa: any CP- or charge-breaking minimum that one finds is guaranteed to be the 
global minimum of the model. 

However, not all values of the parameters of the 2HDM potential ensure that there 
is a stable minimum, unless one can be sure that the potential is bounded from below. 
This basic requirement allows one to impose constraints on the quartic scalar couplings. 
A renormalization-group improvement of those constraints translates in possibly severe 
bounds on the masses of the physical scalar particles. In the following we shall analyse 
these questions. We shall discuss the vacuum structure of the potential, derive general 
formulae for the scalar masses, present bounds on quartic couplings obtained from the 
requirement that the potential is bounded from below, and discuss the symmetries of the 
scalar potential and their extension to the Yukawa sector. 
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5.1 The scalar potential, notation 1 

The most general renormalizable, i.e. quartic, scalar potential may be written |369] 
Vh = m?i$l<l>i + m22$5$2 - (ml2'l>{'^2 + H.c.) 



+ 



iAs (<fl$2)' + Ae (<fl$i) ($1$ 2) + Ay (<l>^2'^'2) ($I<f2) + H.c. 



(9^ 



where "H.c." stands for the Hermitian conjugate. The parameters m^^, m22, and Ai, 2,3,4 
are real. In general, m^2 complex. Thus, the Higgs potential in eq. ( 198|) 

depends on six real and four complex parameters, i.e. a total of fourteen degrees of 
freedom. However, as we shall see below, the freedom to redefine the basis means that in 
reality only eleven degrees of freedom are physical. 

In eq. (1981) we are following the definitions of Davidson and Haber |359] : often other 
definitions are used, in which the same symbol may be employed for quantities which 
differ from ours in sign, a factor of two, or complex conjugation. 

5.2 The scalar potential, notation 2 

An alternative notation for the scalar potential, which has been championed by Botella 
and Silva |370] . is 

2 2 
Vh = 5^/ia;,$l$6 + | Yl ^ab,cd{H<^b){'^l<^d), (99) 

a, 6=1 a,b,c,d=l 

where, by definition, 

^ab,cd = Kd,ab- (100) 

In eq. ( I99l) hermiticity implies 

^^ab = l4,a and \ab,cd = Ka,dc- (101) 

The notation of eq. dHH]) is useful for the study of invariants, basis transformations, and 
symmetries. The correspondence between notations 1 and 2 is given by 





1^11 = 




1^22 = 


^22) 






Atl2 = - 




Ai21 = 


-mi2 






All, 11 


= Ai, 


A22,22 


= A2, 




All, 22 


= A22,ll 


= A3, 


Al2,21 


= A21,12 


— A4, 




Al2,12 


= As, 


A21,21 


= A^, 




All, 12 


= Ai2,ll 


= Ae, 


All,21 


= A21,ll 


= Ag, 


A22,12 


= Ai2,22 


= A7, 


A22,21 


= A21,22 


= a;. 



(102) 



Once again, one must be careful when confronting eq. (1991) to similar equations written 
in other papers, since the same symbol may be used in different papers for quantities which 
differ in sign, a factor of two, or complex conjugation. 
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5.3 The scalar potential, notation 3 

The previous two notations consider the scalar doublets (a = 1, 2) individually. A third 
notation emphasises the presence of field bilinears $a$b in the scalar potential. An early 
use of bilinears is due to Velhinho, Santos, and Barroso |371] : the notation has later been 
much employed by Nagel [372], by Maniatis et al. |373l [3711 EIH], by Nishi [3761 137711378]. 
and by Ivanov [3791 EHQl |38T]. Following Nishi [376] we write: 



3 3 
/i=0 fi,u=0 



where 



and 



A 



A 



up. 



(103) 



(104) 



ri 
r3 



t, 



1 



Re (^^\<^2 
= Im ( $|$2 



(105) 



In eq. f ll03p we have adopted an Euclidean metric. It differs from the notation of Ivanov 
[380] , who pointed out that parametrizes the gauge orbits of the Higgs fields in a space 
equipped with a Minkowski metric. 

Notation 3 is convenient for studies of features such as the existence and number of 
minima of the scalar potential. Since the Yukawa couplings involve the Higgs doublets 
individually rather than bilinears, notation 3 cannot be applied for studies of the full 
theory with both scalars and fermions. 

The correspondence between notations 1 and 3 is given by 



= [ml^ + m22, — 2Re (^12) 5 2Im (771^2) 



m 



11 



22) 



A 



pv 



/ (Ai + A2)/2 + A3 Re(A6 + A7) -Im(A6 + A7) (Ai - A2)/2 

Re(A6 + A7) A4 + Re(A5) -Im(A5) Re (Ag - A7) 

-Im(A6 + A7) -Im(A5) A4 - Re (A5) -Im (Ae - A7) 

(Ai-A2)/2 Re(A6-A7) -Im(A6-A7) (Ai + A2)/2 - A3 / 

The correspondence between notations 2 and 3 is given by 



v 



(106) 



(107) 



A 



pv 



a,6=l 



cr 



a,b,c,d=l 

where (Tq is the 2x2 identity matrix and cti^2,3 are the three Pauli matrices. 



(108) 
(109) 
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5.4 Basis transformations 



The doublets $a are not physical — only the scalar mass eigenstates, corresponding to par- 
ticles, are physical. Thus, any combination of the doublets which respects the symmetries 
of the theory will produce the same physical predictions. We call any combination of 
($1, $2) a basis for the doublets. We may rewrite the potential in terms of new doublets 
obtained from the original ones by a (global) basis transformation 



$1 = J][/A (110) 



b=l 

where [/ is a 2 x 2 unitary matrix. Under this unitary basis transformation the gauge- 
kinetic terms are unchanged, but the coefficients of the potential in notation 2 transform 
as 

2 

f^'ab = 5^t/ac/icdt/:,= (f//if/^),,, (111) 

c,d=l 
2 

Kb,cd = UaeUcg\ef,ghU^fU^h- (112) 

e,f,g,h=l 

The basis transformation of eq. ( IllOp induces a transformation of the 4-vector in 
eq. f llOSp given by 

3 

ro = ro, r[ = Y,RijiU)rj (113) 
i=i 

where |376] 

R,,{U) = Itr (f/ta,f/or,). (114) 

The matrix R belongs to S0(3) and the transformation of U into R {U) is the SU(2)— )'S0(3) 
two-to-onj^ mapping. Under this rotation of the 3- vector rj, the parameters of the scalar 
potential in notation 3 transform as 

• scalars, 

M^ = Mo, A;)o = Aoo, (115) 

• vectors, 

3 3 

M; = 5^i?,,M„ A'o, = ^ i?,, Ao„ (116) 

• and a symmetric tensor 

3 

= RikRji^ki. (117) 

k,l=l 



13 



Note that R{U) ^ R{-U). 
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We see in eqs. fillip and flll2p that the overall phase of U does not impact the change 
of the parameters of the potential. As a result, one may consider U G SU(2). We then 
parametrize 

^ - ( s-K '1-^:* ) • 

where = cosip and = smip; a similar notation will be used below for multiples of 
the angle ip. Then, in notation 1, the parameters mfj and Aj of eq. ( 198|) transform as 



2 ' 
1^11 


= ml^cl + ml^sl - Re {ml^e'^) S2^, 


(119) 


2 ' 
zZ 


= m^-isfi, + rriooCj, + Re (m^ne^^) s^ii,. 


(120) 


2 ' 
'"'12 


= g«(2x-0 ri ('™2 _ 2 \ 1 p in 1 -T ('™2 i^Nl 


fl21) 






(^ 99^ 


\/ 




[iZ6) 


K 


= As + is2^ (Ai + A2 - 2A345) - S2^C2v,Re [(Ae - A7) e*^] , 


(124) 


K 


= A4 + \sl^ (Ai + A2 - 2A345) - S2^C2v,Re [(Ae - A7) e*^] , 


(125) 


K 


= e2.(2x-C) 11^2^ ^^2- 2A345) + Re (Ase^^^) + ^C2v,Im {\,e^'^) 






-S2^C2v,Re [(Ae - A7) e'^] - is2^Im [(Ae - A7) e*^] } , 


(126) 


K 


= e*(2x-0 ^x,cl - A24 - A345C2^ - ^Im (Age^^^)] 






+c^C3^Re (Aee*^) + s^ss^Re (A7e*^) + ic^Im (Aee*^) + is^Im (A7e*' 


')}(127) 


K 


= e^(2^-«) {-is2^ [Ai4 - A24 + A345C2^ + ^Im (Age^^?)] 






+s^S3^Re (Aee'^) + c^cs^Re (A7e^^) + ^41^ (Aee'^) + icllm {Xje'' 


')}(128) 



where 

A345:=A3 + A4 + Re(A5e2*«). (129) 

A basis transformation may be utilized to eliminate some of the degrees of freedom 
in the scalar potential. This implies that not all the parameters in that potential have 
physical significance. Thus, the three parameters in eq. (11181) may be used to absorb three 
out of the 14 parameters in the scalar potential. As a result, there are only 11 physical 
degrees of freedom in the potential and, thus, only eleven independent observables. Note, 
though, that we are still discussing the most general potential; when one imposes a global 
symmetry (see section 15.61 ahead) on the 2HDM, the number of parameters which may be 
eliminated through basis transformations may be less than three. 

5.5 GCP transformations 

The standard CP transformation for a Higgs doublet reads 

$ (t, x) {t, x) = $* {t, -x) . (130) 
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The reference to the time (t) and space (x) coordinates will henceforth be suppressed. 

However, in the presence of several identical doublets, the possibility of arbitrary basis 
transformations should be included in the definition of the CP transformation. Let us 
illustrate this problem with a simple example. We start from the basis $2) and the 
usual definition of CP: 



Now we perform a basis transformation 



CP 



^1 = 75(^1 



(131) 



(132) 



Substituting eqs. f ll32p into eqs. fll3ip . we obtain 



1 

V2 



+e 



W4 ($'2)^^ 



1 

V2 



-e— /4 ($/ )CP ^ ^^,^^cp 



75 mr 



-i7r/4 



V2 



which leads to 



($; 



,CP 



\CP 



1 + i 



1 - i 



(133) 



This is clearly not the usual CP transformation, which means that eq. fll3ip is too re- 
strictive as a definition of CP. Even the usual CP transformation may look different from 
eq. fll3ip in a different basis. 

As a result, we must consider a more general version of the CP transformation, which 
we denote with the superscript 'GCP'0: 



6=1 
2 



(134) 



$1 ^ $ 



GCPt 



T 
b 5 



6=1 



where X is an arbitrary unitary matrix. GCP transformations were first discussed by 
Lee and Wick [399J. Their explicit use for quarks is due to Bernabeu, Branco, and 
Gronau |4UUj . GCP transformations in the scalar sector were developed by the Vienna 
group UnD 11021 [M31ES2j. Note that, unlike the standard CP transformation of eq. ffMip . 
GCP transformations are such that the square of the transformation is not, in general, 
equal to unity (see section 15.6. 3p — as we already see in the practical example of eqs. (11330 . 



*These are known in the literature by many authors as Generahzed CP transformations |382) — [398] . 
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Under the GCP transformation in eq. (11341) . the gauge- kinetic terms stay invariant 
but the coefficients fiat and Xab,cd transform as 



= ^X,,/.:,X*,= (X/i*Xt)^^, (135) 

c,d=l 
2 

^ab^Id = ^aeXcfXlgjhX^gX^i^. (136) 

We next turn to the interplay between GCP transformations and basis transforma- 
tions. If the GCP transformation is given by eq. f ll34p . then = J^b^ab^b has a GCP 
transformation given by 

K^iKf'''' = i2^'^bK, (137) 

b=l 

where 

X' = UXU^. (138) 

The fact that U'^, rather than W , appears in eq. fll38p is cruciaL If one had W , then one 
would be able to find a basis such that X was diagonal. Because one has U'^ in eq. 0138^ 
it is not possible to reduce, through a basis transformation, all GCP transformations to 
the standard CP transformation of eq. fll30p . However, Ecker, Grimus, and Neufeld |383] 
have proved that for every matrix X there exists a unitary matrix U such that 

X' = UXU^=( '''^^ ^^"^J, (139) 
\^ — sm fc' cos "J 

with < 6 < tt/2. The value of 6 may be determined through either one of two ways: (i) 
the (twice degenerate) eigenvalue of (X + X^) (X* + X'^) is 4 cos^ 9; (ii) the eigenvalues 
of XX* are e^^^^. 

The GCP transformation in eq. (I134p induces the following transformation of the 
four- vector in eq. f llOSp : 

where |375] 

R{X) = R{X)R2, 

R,,{X) = itr(xV,Xa,), (141) 

R2 = diag (1,-1,1). 

Both R2 and R{X) are improper rotations, i.e. 0(3) matrices with determinant —1. For 
the simplified form of X in eq. ( I139p one has 

cos {26) - sin {26) 
R{X)= \ -1 I . (142) 
sin {26) cos {26) 
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5.6 The six classes of symmetry-constrained scalar potentials 

The large number of free parameters in the scalar potential of the 2HDM reduces the 
theory's predictive power. Any symmetry that we may impose on the 2HDM to constrain 
its scalar potential is therefore welcome. Also, as we discussed in previous sections, the 
2HDM is in general plagued by flavour- changing neutral currents; these, however, may be 
eliminated — or strongly suppressed — by imposing an internal symmetry on the 2HDM. 
Symmetries leaving the kinetic terms unchanged may be of either one of two types: 

1. One may relate $a to some unitary transformation of $b, 

2 

$„^$f = 5];5„6$fe, (143) 

6=1 

where is a unitary matrix. We then require the potential to be invariant under 
this transformation. As a result of this invariance, 

2 

IJ-ab = 5Z 'S'acyUcd^';;^, (144) 
c,d=l 
2 

These are known as Higgs Family (HF) symmetries!^ 

2. One may relate with some unitary transformation of 

2 

$,^$^CP = 5^X,,$*, (146) 

b=l 

where X is an arbitrary unitary matrix. We then require that the potential be 
invariant under this symmetry: 



fJ'ab — ^ ^acfJ'ld^b, 



^bdi 
c,d=l 
2 

Kb,cd = ^ XaeXcfXlgjh^^gX^f^. (147) 

These are known as GCP symmetries. 

Under the basis transformation $a — )■ = Uab^b of eq. (11 101) the specific forms of the 
HF and GCP symmetries get altered, respectively, into: 

S' = USU\ (148) 
X' = UXU^. (149) 



^'^Notice that this is not the situation considered in eqs. (|110p - (|112p . There, the coefficients of the 
Lagrangian do change under the transformation. In contrast, eqs. ()143|) - (|145|) imply the existence of a 
HF symmetry of the scalar potential because the coefficients of Vh are unchanged. 
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Therefore, a symmetry relation among the coefficients of the scalar potential will, in 
general, appear as a different relation if the coefficients of the potential are written using 
a different basis for the Higgs doublets. 

One may, of course, impose on a theory several HF symmetries and/or GCP symme- 
tries simultaneously. Ivanov |380] has proved that, no matter what combination of HF 
and/or GCP symmetries one imposes on the scalar potential of the 2HDM, one always 
ends up with one of six distinct classes of potentials. This issue was studied further by 
Ferreira, Haber, and Silva |386] . In table |5] we present an example of a symmetry in each 

Table 5: The six classes of symmetries (I- VI) of the scalar potential and a practical 
example of a symmetry in each of those classes. The number in the last column is the 
minimal number of parameters (n) in the scalar potential, obtainable in a specific basis. 



class 


symmetry 


mil 


"^22 


mu 


Ai A2 A3 


A4 A5 


As 


At 


n 


I 


U(2) 




m'u 





Ai 


Ai - As 








3 


II 


CP3 




mil 





Ai 


Ai — As — A4 








4 


III 


CP2 




mil 





Ai 






-Ag 


5 


IV 


U(l) 




















6 


V 





















7 


VI 


CPl 






real 




real 


real 


real 


8 



of the six classes of symmetries found by Ivanov, and the constraints on the parameters of 
the potential following from that specific symmetry. The number of physical parameters 
in the potential may in general, within each one of Ivanov's classes, be further reduced 
by choosing a specific basis for the scalar doublets, much in the same way as the gen- 
eral 2HDM potential has 14 parameters which may, however, be reduced to 11 through a 
suitable basis choice; the number of physical parameters for each class is given in the last 
column of table |5l 

The six specific symmetries given as examples in table |5] are the following: 

• U(2) is the strongest (most general) HF symmetry, 

^ _ f cos 6 e~*^ sin 6 
y —e^^ sin 6 e*^ cos 6 

where C,, 0, and ip are arbitrary. 

• CP3 is a GCP symmetry with 

_ f cos 9 sin 6* \ 
Y — sin 9 cos 9 J ' 

the ffist-quadrant angle 9 being generic, i.e. different from the two specific values 
and 7r/2. 



(150) 
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CP2 is the GCP symmetry of eq. ffTMD but with 9 = 7r/2, i.e. 



°1 J )• (152) 



U(l) is a restricted version of the HF symmetry of eq. f llSOp with 

\ 
j ' 



S = ( ) ^ (153) 



where ^ is arbitrary!^ 

Z2 is the symmetry under 02 — ^ —02, 



J _°1 )• (154) 

• CPl is the standard CP symmetry, with 

Some of these models may be further simphfied by choosing an appropriate basis for 
the Higgs doublets: 

• A specific basis may be chosen in the CP2 model |359j such that A5 is real and 
-^6 = -^7 = 0, hence that model only has five parameters. 

• In the U(l) model one may render A5 real through a rephasing of the doublets, so 
that that model only has seven parameters. 

• One may perform a real rotation of the doublets in the CPl model such that 
becomes zero [9], hence that model only has nine parameters. 

It should be noted that the scalar potential of the minimal supersymmetric Standard 
Model (MSSM) does not fall into any of Ivanov's symmetry classes. In fact, in the tree- 
level scalar potential of the MSSM one has [SI SOSl [373] 

Ai = A2 = ^ , A3 = ^ , A4 = - — , A5 = Ae = A7 = 0, (156) 

where g and g' are the gauge coupling constants of SU(2) and U(l), respectively. This 
is much similar to the U(2)-symmetric 2IIDM, with the crucial difference that the latter 
has A3 + A4 = Ai, while in the MSSM A3 + A4 = — Ai. It is often stated that the scalar 
sector of the MSSM is a particular case of a 2HDM, but that statement is potentially 



16 



See, though, the discussion after eq. (|162|) . 
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misleading: the relations among the quartic couplings in eqs. fll56p are renormalization- 
group (RG) invariant in the MSSM, but only due to the presence of extra particles — 
namely the gauginos; analogous relations among the couplings of a 2HDM are not RG- 
protected if the 2HDM is not supersymmetrized [40311392] . An RG analysis of the relations 
between couplings shown in table [5] was undertaken in |393[ 1394] . The list of possible 
potential symmetries increases when one considers field transformations which do not 
leave the gauge-kinetic terms invariant, as was shown recently by Battye et al. [395] and 
by Pilaftsis [396J ; of course, those extra symmetries lead to relations among the parameters 
of the potential which are not RG-invariant. See also the discussion on custodial symmetry 
in Appendix [Fl 

The remainder of this section is devoted to a careful explanation of table [5l following 
the presentation in [386] . 



5.6.1 Higgs Family symmetries 

Higgs Family symmetries have a long history in the 2HDM. Glashow and Weinberg [27j 
and, separately, Paschos [28] have introduced the discrete Z2 symmetry 

Z2 : $1 $1, $2 -$2, (157) 

and extended it to the quark sector in order to avoid flavour-changing neutral currents. 
This symmetry enforces mfg = and Ae = A7 = 0. 

We may consider the Z2 symmetry in a different scalar basis. 



$; = 2-1/2 ($1 + $2) 



(158) 



obtaining the interchange sjTiimetry 

U2 : ^ $2. (159) 

This is equivalent to applying eq. (11480 in the form 



n 1 -1 ) ( -1 ) ( 1 -1 ) (10 



(160) 



The 112 symmetry enforces m22 = ^u, Im (m^g) = 0, A2 = Ai, A7 = Ag, and Im (A5) = 0. 
Thus, 

• the constraints obtained by applying Z2 are apparently different from those obtained 
by applying II2; 

• however, the two symmetries are equivalent, since applying Z2 in a given basis 
is the same as applying 112 in a basis obtained from the first one through the 
transformation fll58p : 

• the Z2-symmetric and n2-symmetric potentials must lead to exactly the same phys- 
ical predictions — we say that they are in the same class — because physical observ- 
ables cannot depend on the basis in which we choose to write the Higgs doublets. 
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Equation f ll48p constitutes a conjugacy relation within the group U(2). Thus, HF 
symmetries associated with matrices 5* and S' which are in the same conjugacy class of 
U(2) correspond to the same model. Moreover, symmetries S and 5" related by an overall 
phase transformation (S" = e*^S') also lead to the same physics, since that overall phase 
transformation does not affect the bilinears 

Ferreira and Silva |404] have shown that there are only two classes of HF symmetries 
generated by one single generator in the scalar potential of the 2HDM: the discrete Z2 
symmetry and a continuous U(l) symmetry 

$1 ^ e~'%i, $2 ^ (161) 

for an arbitrary 6. This U(l) symmetry (suitably extended to the quark sector) was first 
introduced by Peccei and Quinn [12j in connection with the strong-CP problem. The 
Higgs potential invariant under U(l) has = A5 = Ag = A7 = and is therefore 
also invariant under Z2. 

It is important to note that, for instance, a potential invariant under 

/ -i2n/3 Q \ 
S2/3=(^ Q ^.2./3j- (162) 

is automatically invariant under the full Peccei-Quinn U(l) group. Even though we 
only want to enforce a symmetry group = {^2/3, S^/^, S^/^ = 1}, we automatically 
obtain a potential with full U(l) symmetry. In fact, invariance under any Z„ group, with 
n > 2, will lead us to a U(l)-invariant potential. Another possibility of obtaining the 
same result is to choose an irrational multiple of vr for the angle 6 in eq. fll6ip . This is 
an important point because continuous symmetries, when broken, may lead to massless 
scalars (Goldstone bosons). An innocent-looking discrete symmetry may have the same 
effect on the scalar potential as a continuous symmetry and therefrom arises the possibility 
of undesired massless scalars. 

We must however point out two caveats to the discussion in the preceding paragraph. 
The first caveat is that we are assuming a renormalizable theory, from which we exclude all 
terms in the potential with dimension larger than four. If, however, we take the reasonable 
view that the 2HDM is just the low-energy limit of a larger theory, and decide to include 
effective operators of dimensions five, six, or above, then the equivalence between different 
symmetries (such as the Z„ with n > 2, all of them leading to the same U(l)-invariant 
scalar potential) might no longer be verified. The second caveat pertains to the fermionic 
sector: given a specific symmetry of the scalar sector, there are in general many ways of 
extending that symmetry to the fermion sector, often with completely different effects on 
the Yukawa terms. We shall return to this issue in more detail in section 15.121 

One may also impose a symmetry with multiple generators on the scalar potential. 
For example, the scalar potential invariant under both Z2 and 112 in the same basis has 
= m22, 17112 = 0, Ai = A2, and Ag = A7 = Im (A5) = 0. Thus, the potential invariant 
under Z2 x 112 only has five parameters (mf^, Ai, A3, A4, and Re(A5)) and, indeed, one 
may show |359[ 1386] that it is equivalent, in a different basis, to a potential with CP2 
symmetry: 

Z2 X n2 ^ CP2 ^ Class III. (163) 
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The U(2)-invariant potential may similarly be obtained |386] through the imposition of 
the CPS and U{1) symmetries in the same basis, as can easily be seen in table [51 

One can also prove [397] that the existence of either the Z2 (or, equivalently, 112), 
U(l), or U(2) symmetries is sufficient to guarantee the existence of a basis choice in which 
all the parameters of the scalar potential are real. That is, the corresponding scalar Higgs 
sectors are explicitly CP-conserving. Therefore, all models belonging to the classes in 
table |5] have CP-conserving scalar potentials. 

5.6.2 CP symmetries 

We now want to discuss the potentials obtained by imposing one single GCP symmetry. 
Writing X as in eq. (1139^ . Ferreira, Haber, and Silva [386J have shown that there are only 
three classes of potentials obtainable by imposing a single GCP symmetry: CPl (class 
VI), CP2 (class III), and CP3 (class II). The potential CPl results from applying the 
GCP symmetry with the matrix X in eq. fll39p with = 0: 

$1 ^ <^l, $2 ^ (164) 

this is the standard CP symmetry, which forces all coefficients in the potential to be 
real. The potential CP2 results from applying the GCP symmetry with the matrix X in 
eq. ffT39|l with e = n/2: 

$1 ^ $2 ^ (165) 

The potential CP3 results from applying the GCP symmetry with any other (arbitrary) 
angle ^ 7^ 0, 7r/2. The theories with symmetry CP2 and CP3 are (of course) CP conserv- 
ing, but they have potentials more restrictive than CPl. 

In the CP3 symmetry, any single angle 6 different from or 7r/2 in eq. (11391) leads to 
the same potential. However, if one wants to extend the CP symmetry to the Yukawa 
sector, different values of 6 will have different consequences for the quark masses — only 
6 = 7i/3 allows for six massive quarks |391] . 

As mentioned regarding eq. (11631) . we may reach class III of 2HDM scalar potentials 
either by requiring symmetry under the GCP transformation of eq. (11521) or, alternatively, 
by requiring joint symmetry under Z2 and 112. There are, indeed, many other ways to 
obtain the class III scalar potential. Similarly )386j 

U{1) xU2 = CP3 = Class IV. (166) 

In general, there are many possible symmetries leading into any of the six classes of 
symmetry-constrained 2HDM potentials. The different symmetries are equivalent with 
respect to the scalar potential, but they may differ when one tries to extend them to the 
Yukawa sector. Ferreira, Haber, and Silva [386] have proved that i) except for the class VI 
potential, all other five classes of potentials can be obtained through multiple applications 
of HF symmetries; ii) one can obtain all six classes of scalar potentials through multiple 
applications of the standard CP symmetry in different bases. An interesting geometric 
interpretation of these properties is presented in [398j. 
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5.6.3 The square of the GCP transformation 

Applying the GCP transformation twice to the scalar fields, 



(^GCP)CCP ^ ^^^^ ^^GCP)* ^ Y: X.,X,;$, 



(167) 



6=1 



6,c=l 



one obtains a HF symmetry with 5* = XX*. Thus, (GCP)^ provides a distinction among 
the three GCP symmetries: 



{CP2f 
{CP3f 



cos 26 sin 20 
■sin 2^ cos 20 



(168) 



While (CP2)^ is reduced to the identity transformation through a global hypercharge 
transformation [375J, (CP3)^ is a non-trivial HF symmetry of the class II scalar potential 
[386]. 



5.6.4 Symmetries and bilinears 

Ivanov's description of the possible classes of scalar potentials in the 2HDM is most 
conveniently summarized by looking at the corresponding vectors and tensor of eqs. (11161) 
and (IllTp . We start by looking at the implications of the symmetries we have studied so 
far on the vector r = {^i, r2, ra}, whose components were introduced in eq. (11051) . Notice 
that a unitary transformation U on the fields $a induces an orthogonal transformation R 
on the vector of bilinears r, given by eq. (I114p . For every pair of unitary transformations 
±f/ of SU{2), one can find some corresponding transformation R of 5*0(3), in a two- 
to-one correspondence. We then see what these symmetries imply for the coefficients of 
eq. (I103p (recall the A^,^ is a symmetric matrix). Below, we list the transformation of r 
under which the scalar potential is invariant, followed by the corresponding constraints 
on the quadratic and quartic scalar potential parameters, and A^^,. 

• The class I symmetry implies 
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where R is an arbitrary 3x3 orthogonal matrix of unit determinant. Thus the 
vectors Mi and Aqj vanish while the tensor Ajj is proportional to the unit matrix. 
It is evident that class I has only three parameters in the scalar potential. 

For class II, the vectors Mi and Aqj once again vanish while the tensor Aij has two — 
instead of three, as in class I — degenerate eigenvalues. For instance, if one applies 
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the GCP transformation of eq. (11511) 
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It is evident that for this symmetry class there are four parameters in the scalar 
potential. 

In class III, the vectors Mj and Aqj vanish and the eigenvalues of the tensor Ajj are 
all different. For instance, if one applies the GCP transformation of eq. (I152p 
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but the 3x3 real symmetric matrix 



An 


A12 


A 


A12 


A22 


A 


Ai3 


A23 


A 



may be diagonalized and has in general three distinct eigenvalues. Therefore, in this 
symmetry class the scalar potential has five parameters. 

For class IV, the vectors Mj and Aqi are parallel and, moreover, in the subspace 
orthogonal to those vectors the tensor Ajj has degenerate eigenvalues. For instance, 
with the U{1) symmetry of eq. (I153p . we have 



r — 7- 



C2 





-S2 
C2 








1 



■ Mo " 














M3 





Ago 








Ag3 





An 














An 





Ag3 








A33 



(172) 



It is evident that there are six independent parameters in this scalar potential. 

For class V, the vectors Mj and Aoj are parallel and the tensor Aij has three non- 
degenerate eigenvalues. For instance, with the Z2 symmetry of eq. (I154p . 
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but the 2x2 real symmetric matrix 



An 
A12 



A12 
A22 



may be diagonalized and has in general distinct eigenvalues. Therefore, the class V 
scalar potential has seven parameters. 
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• For class VI, the vectors Mj and Aqj lie on the same plane and the tensor A has 
one eigenvector orthogonal to that plane. For instance, with the CPl symmetry of 
eq. (UniD, 

Aoo Aoi Ao3 " 

Aoi All Ai3 (T7A'] 

A22 ' ^ ' 

Ao3 Ai3 A33 _ 

but the 2x2 real symmetric matrix 

( All Ai3 \ 

V Al3 A33 J 

may be diagonalized and has in general distinct eigenvalues. Therefore, in this 
symmetry class the scalar potential has nine parameters. 

Since each unitary transformation of the fields induces an 5*0 (3) transformation 
on the vector of bilinears r, and since the standard CP transformation corresponds to an 
inversion of r2, i.e. to a Z2 transformation on the vector r, Ivanov |380] actually considered 
all possible 0(3) transformations acting on r. He has identified the following six classes 
of transformations: (i) Z2; (ii) (^2)^; (iii) (^2)^ (iv) 0(2); (v) 0(2)^^2; and (vi) full 
0(3). No other independent symmetry transformations are possible. 
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5.7 Bounded from below limits 

Stability of the 2HDM potential requires that it be bounded from below, i.e. that there 
is no direction in field space along which the potential tends to minus infinity. This is 
a basic requirement for any physical theory - the existence of a stable minimum, around 
which one can perform perturbative calculations - which is satisfied by the scalar potential 
of the SM through the trivial condition A > 0, where A is the quartic coupling of the SM 
scalar potential. 

The 2HDM scalar potential of eq. (l98l) is much more complicated than the SM's, and 
ensuring its stability requires that one studies all possible directions along which the fields 
$1 and $2 (or rather, their respective eight component fields) tend to arbitrarily large 
values. In general, the existence of a non-trivial minimum - by which we mean the fields $i 
acquiring non-zero vacuum expectation values - implies two conditions on the potential's 
parameters. They have to be such that: the quartic part of the scalar potential, V4, is 
positive for arbitrarily large values of the component fields, but the quadratic part of the 
scalar potential, V2, can take negative values for at least some values of the fields. 

The restrictions on V4 need to be handled carefully: 

• Demanding that V4 > for all $j — i- 00 is a strong stability requirement. This may, 
however, be too strong, since several interesting models are excluded by it. For 
instance, in tree-level SUSY potentials there is a direction (($1) = ($2)) for which 
Vi = 0. 
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• We can also demand stability in a marginal sense, by requiring V4 > 0, for any 
direction in field space tending to infinity. 

• The equality in the marginal stability bound comes at a price: if there is a given 
direction in field space such that V4 — )■ 0, it is necessary to demand that, along that 
specific direction, one has V2 > 0. 

A simple way to obtain necessary conditions on the quartic parameters of the potential is 
to study its behaviour along specific field directions. Considering for instance the direction 
|$i| — )■ 00 and I $2 1 =0, the expression fl98l) for the potential renders it obvious that one 
can have positive values for V4 if and only if Ai > 0. Likewise, the direction |$i| =0 and 
|$2| — >■ 00 gives us the condition A2 > 0. And if one takes = rcos6, |$2p = rsin^ 
(with < < 7r/2 and r — )■ +00) but such that ^{^2 = (for instance considering 
only non-zero upper components for $1 and lower ones for $2), the bounded-from-below 
condition becomes 

lim ( — cos^ e + — sin^ + A3 sin 6 cos 6] = r^f{e) > , V^. (175) 
r-5-+oo y 2 2 J 

Minimizing f{6) with respect to 6 to obtain its smallest value and demanding that it be 
larger or equal to zero, one finds that the coefficients Aj need to obey A3 > — \/AiA2. By 
studying several such directions, it is possible to reach other conditions on the couplings, 
and we can gather all as 

Ai > , A2 > , 
A3>-v^V^ , A3 + A4- IA5I > -TV^, (176) 

where we've taken A5 to be real. In |406[ 1373] it was proven that, in potentials where 
one has Ae = A7 = 0, these are actually necessary and sufficient conditions to ensure the 
positivity of the quartic potential along all directions. As we can see from the discussion in 
section 15. 6[ most of the possible symmetry-constrained 2HDM scalar potentials fall unto 
this category - there is at least a basis where Ae = A7 = holds, for the Z2, U{1), CP2, 
CP3 and U{2) models. For the remaining possibilities - a model with CPl symmetry, 
or a model with no symmetry at all (other than the gauge ones), one can find necessary 
and sufficient conditions for boundedness, involving Ag and Ay in the work of [373J - 
unfortunately, they do not have a simple analytical expression, like those of eq. fll76p . but 
they can be handled numerically. In |373] . all possible cases - strong stability, marginal 
stability, analysis of the quadratic terms - were considered. Equivalent conditions, for the 
strong stability requirements, were found in |380] . Again, they are not easily translated 
into analytical bounds. It is not difficult, though, to find necessary conditions involving 
Ae and Ay. For the case they are real [4051 1407] . one finds 

2 lAe + A7I < ^1±^ + A3 + A4 + As . (177) 

As mentioned earlier, the requirement of strong stability is too constraining, in the 
sense that it actually excludes potentially interesting models. The obvious example is 
the SUSY potential, for which the quartic couplings are related to the gauge coupling 
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constants, and they are given by eq. (11561) . With these couphngs, the last bound in 
eq. (11761) is saturated. Likewise, in the CPS model, for which A5 = A3 + A4 — Ai and 
Ai = A2, the last bound in eq. (I176P gives us Ai + A3 + A4 > and Ai > Ai, the latter 
clearly demanding the equality, lest the model be excluded. 

For most cases, the conditions (I176p are all we need. They become specially important 
if one wishes to analyse the stability of the potential including higher order corrections. 
Clearly they were obtained through tree-level analysis, requiring that the tree-level po- 
tential always be convex. But one may wonder whether those conditions ensure that the 
one-loop corrected effective potential is also bounded from below. The one-loop correc- 
tions to the tree-level potential are of the form 



where the sum runs over all helicity states of the particles of masses ma present in the 
theory, and fi is the renormalization scale. We have kept the dependence on the fields 
(pi explicit. Unbounded from below limits are found analysing the behaviour of the po- 
tential for very large values of the fields (pi, at which point one should worry about the 
appearance of potentially large contributions from the logarithms in the expression above. 
A renormalization group (RG) improvement of the bounds then amounts to considering 
only the tree-level expressions we have already discussed, but considering the values of 
the couplings which appear in those expressions at different renormalization scales. In 
other words, we take the bounds from Eqs. (11761) and run the couplings therein, using 
the /3-functions of the model (see Appendix [Ej), along a range of scales /i - from the weak 
scale Mz to an upper scale A; at all scales in the interval chosen, the bounds must hold, 
and in this way combinations of parameters which at one scale might be acceptable would 
violate the bounds at another scale. 

This type of analysis was performed in the SM |108l |109l SIOl Sill SEl |1I3] . There, the 
Higgs potential quartic coupling A has a /3-function with a sizeable negative contribution 
from the top quark Yukawa. The top being so heavy, this term tends to decrease the 
value of A at higher renormalization scales. Thus, if the starting value (at the weak scale, 
say) of A is small, the coupling may well become negative at some higher scale, and the 
potential would suddenly be unbounded from below. In this manner we can thus put a 
lower bound on A and thus on the Higgs mass. On the other hand, if the starting value 
of A is too large, the RG evolution of the coupling will increase its value immensely and 
eventually the theory becomes non-perturbative. We will return to this when we consider 
another class of theoretical bounds, in which one requires unitarity of all 2HDM processes 
involving scalars, which we'll look into in Appendix |Al Thus, the RG analysis allows us 
to impose both higher and lower bound on the mass of the Higgs particles. 

In the 2HDM the same type of phenomena can occur, and was treated in, for instance, 
UnSl SH nisi mSl Sni EZI SnZ]. if for instance the $1 is made to couple to the up 
quarks, the /3-function for the Ai quartic coupling will have a large negative top Yukawa 
contribution, and a similar analysis to the SM case will hold. Now, however, many other 
quartic couplings are present and more bounds need to be obeyed. Nonetheless, the main 
conclusions hold: smaller values for some of the Aj at the weak scale are disfavoured as 
they lead to unbounded from below potentials at higher scales; and large values of those 
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(178) 
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couplings lead to Landau poles at high scales, thus a breakdown of perturbation theory. 
These translate into bounds on the several Higgs masses. Several observations are in 
order: 

• Clearly the bounds obtained will depend on what the upper renormalization scale 
A is. Usually this is taken to be the gauge unification scale, ~ 10^^ GeV. Varying 
this scale will change (mostly) the upper bounds on the masses - the upper bound 
on the lightest CP-even scalar can change from about 300 to about 100 GeV, if one 
varies A from 10^ to 10^^ GeV [97]. 

• The precise values for the bounds have a noticeable dependence on the value of the 
top pole mass. This is to expected since the top quark Yukawa is what drives most 
of the quartic coupling RG evolution. Typically, at most some of the bounds can 
change by roughly ~ 10 GeV for a 5 GeV change in the top pole mass [971 1407] . 

• Most of the analysis performed considered a 2HDM with an intact Z2 symmetry. 
However, as shown in [97], the soft breaking term myi has a crucial importance in 
the bounds obtained, which are increasingly relaxed the more the magnitude of m\2 
increases. Roughly speaking, with A = 10^^ GeV, the exact Z2 model gives us an 
upper bound on the lightest CP-even Higgs mass of roughly 100 GeV, which is easily 
raised to about 185 GeV for the soft broken model [HZl 1407] . For some cases, like 
the charged Higgs mass, large values of the soft breaking term eliminate the upper 
bound obtained for the exact symmetry (roughly 160 GeV). 

• In [407] other 2HDM theories were considered, namely the inert vacua (see sec- 
tion |5]8]) of the Z2 potential, the Peccei-Quinn t/(l) model and the model without 
Z2 symmetry (dubbed the CP\ model in section 1531 The Peccei-Quinn and CPl 
model bounds obtained do not differ significantly from the Z2 case. The inert model 
has quite restrictive bounds on the two CP-even scalars. 

• In |407] these bounds were also applied to theories in which the vaccum of the theory 
spontaneously breaks CP (again, see section |5^ . Such theories always have the rayi 
term, which can be quite large. However, it was found that the lightest Higgs scalar 
has a very low upper bound, roughly 85 GeV. 

• These analyses only take into account the top Yukawa coupling, coupled to only one 
of doublets. Even for a theory with fiavour changing neutral interactions, this can 
be considered a good approximation. 

The general conclusion is that requiring that the potential be bounded from below in 
the range of scales from Mz to A can severely limit the parameters of the theory, namely 
the masses of the scalar eigenstates. However, such bounds are heavily model-dependent 
- they depend on whether the 2HDM considered has a symmetry, or if that symmetry 
is softly broken, and they depend immensely on what the upper scale A is taken to be. 
Notice, for instance, that we simply do not know what the value of A should be; if one 
thinks of the 2HDM as an effective theory A should be taken as the scale above which new 
fields have to be considered, and it could be as low as 1 TeV. Hence, great care must be 
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exercised when applying such bounds, lest one exclude regions of parameter space which 
may well be important. 



5.8 Spontaneous symmetry breaking 

If the scalar potential of the 2HDM is bounded from below, being a quartic polynomial 
function it will certainly have a global minimum somewhere. This same argument applies 
to the SM, but there we can only have two types of minima: the "trivial" one, for which 
the Higgs acquires zero vevs, and the usual one, where electroweak symmetry breaking 
occurs, away from the origin, for ($) = v/\/2. In particular, vacua which break electric 
charge or CP conservation are impossible in the SM. In what follows, we consider a vacuum 
any stationary point of the potential, regardless of whether it is a minimum or not. 

In the 2HDM, the vacuum structure is much richer. We can have three types of vacua 
(other than the trivial case, ($1) = ($2) = 0): 

• "Normal" (N) vacua, with vevs which do not have any complex relative phase and 
can thus be trivially rendered real: 



{^i)n = , ('^'2)^ = h (179) 





where v = + vl = 246 GeV and one defines tan/? = V2/V1. This solution, 
of course, is the 2HDM equivalent of the SM vacuum. We can distinguish a special 
case here, in which the minimization conditions allow for one of the vevs vi,V2 to 
be zero. These are called "inert models" , already discussed in section 12.31 Notice 
that, unlike the passage to the Higgs basis (in which only one of the doublets has a 
vev, as well), the inert vacua are found in the basis where a Z2 (or f/(l), or other) 
symmetry is manifest. 

CP breaking vacua, where the vevs do have a relative complex phase, that is 

($i)cp = I ^ .9 I , ($2)cp =1^1, (180) 




.V2, 

with real values for vi and V2- The moniker "CP breaking" is not the most appro- 
priate, since such vacua are possible even in potentials where the CP symmetry is 
not defined (due to it being explicitly broken) - see for instance |418] . Also, the 
presence of a phase in fllSOj) is not a guarantee of spontaneous CP breaking (see 
section |6]). 

Charge breaking (CB) vacua, in which one of the vevs carries electric charge. 



CB 



^f2 



\V2/ 




, ($2)CB = \ ^2 \, (181) 



^^Notice, however, that certain 2HDM potentials can have more than one sokition of this type, with 
different values for v. See the discussion for eq. (|202p . 
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with real numbers v[, fg, a. Due to the presence of a non-zero vev in an upper 
component (charged) of the fields, this vacuum breaks electrical charge conservation, 
causing the photon to acquire a mass. Thus, they are to be avoided at all costs. 

Given our definition for the charge (such that the lower components of fields are neutral), 
the vacuum will break the charge and lead to a massive photon if and only if 

(^+) (^°) = av', + 0. (182) 

One can give a definition for a charge breaking vacuum which does not depend on our 
definition of charge or on our basis choice |419] . 



(183) 



Charge preserving vacua (many times called " aligned vacua") for the 2HDM and for 
models with additional singlets or triplets were studied in Ref. |420j . 

That all possible vacua in the 2HDM reduce to one of the three forms of eqs. f ll79p . 
f ll80p and (11811) can be seen using the freedom to choose a particular gauge in SU{2)l x 
U{1)y- Let us write the two doublets in the following simplified manner: 

The complex phases above will, in general, be functions of the space-time coordinates. 
Then, the local gauge transformation Ui, given by the SU{2)l matrix 

Ui = ( y) (185) 



^12 "^11 



with 



Mil 



ehminates the upper components of $2- A combined hypercharge and SU (2) ^ gauge trans- 
formation can then be used to eliminate the phases of the upper and lower components 
of $1, through the matrix 

Of course, these phases 9f and are not the same that appear in eq. (I184p (they have 
been changed by the gauge transformation Ui), but that is irrelevant for the argument. 
The final form of the doublets is thus 
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This is almost of the form of eq. f llSip . but it has a complex lower component in $2 |4U9] . 
However, that phase is physically irrelevant, since it can always be absorbed through a 
trivial basis transformation - a re-phasing of $2? '^'2 ~^ e~*^2$2- As such, the form of 
the vevs in eq. ( 118ip is indeed the most general one we need: there exists always a basis 
for which the most generic vacuum will have that form. This conclusion could also have 
been reached through a series of basis changes, plus a gauge transformation |419] . That 
method has the advantage of being easily generalized for an N-Higgs doublet model. 

Let us now look in more detail at the solutions of the minimization conditions. Writing 
the potential in terms of the vevs Vi (for any of the three sets ( 1179^ to (llSip ). a stationary 
point of the potential is found if the set of equations dV/dvi = has solutions. In terms 
of the notation introduced in section 15.21 and for completely general vacuum expectation 
values such that = "Ca/v^S the extremum conditions may be written as 
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(for a = 1,2). 
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Multiplying by f * leads to 
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(190) 



If one performs a basis transformation such as the one presented in (11 101) . the vevs are 
transformed as 



= ^ UabVb- 
b=l 

And, for a GCP transformation like in (I134p . the vevs transform as 

2 
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(192) 



a=l 



The different CB and CP stationary points are determined by a set of three equations, 
a normal one by only two. In fact, since the 2IIDM potential depends on eight real 
component fields, any stationary point ought to be the solution of a set of eight equations 
on eight unknowns which arise from fll89p . However, given that one can always choose 
the simplified forms of the vevs in eqs. (11790 to (11811) . most of those equations are trivially 
satisfied. 

As was shown in |405] (and later in |373l 1380^ 1377] ). the CB vevs can always be 



obtained analytically, and are given by 
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Notice that we are using Va/V^ for the complex vev ($a), while Va = \va\ is real 
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This expression has an important consequence: if eq. fll93p admits a solution, it is unique, 
up to trivial sign changes (a — )■ —a, v'l — )■ —v[ and v'2 — )■ —v'2) with no physical impact. 
Charge breaking is in fact impossible in several symmetry-constrained 2HDM. 

Likewise, the CP vacua vevs can always be obtained analytically in terms of the 
potential's parameters. Restricting ourselves to potentials where the CP symmetry is 
defined - i.e., where it isn't explicitly broken, see section [6]- we obtain 

Ai A3 + A4 - Re(A5)) 2Re(A6) 

A3 + A4 - Re(A5) A2 2Re(A7) 

2Re(A6) 2Re(A7) 4Re(A5)^ 

(194) 

Again, up to physically irrelevant sign changes, the CP vacuum is unique. 

The normal vacuum turns out to be the most difficult to solve. In fact, for many 
potentials, the minimization conditions cannot be solved analytically. The equations 
dV/dvi = and dV/dv2 = give, for the most general 2HDM potential, 

ml.vi - Re{ml2)v2 + yf ? + ^vivj + ^ [3Re(A6)f ^2 + Re(A7)f^] = 

ml2V2 - Re(m?2)f 1 + yf2^ + ^V2vf + ^ [Re{\e)vf + 3Re(A7)f2t^?] = 0, (195) 

where A345 = A3 + A4 + Re(A5). A few important observations about these equations: 

• For some models (unbroken Z2, U{1), CP2, CPS and U{2)) these equations can be 
solved analytically. However, the presence of soft breaking terms may prevent that. 

• For any models in which = Ae = A7 = (for instance, models with a Z2 
symmetry or higher), eqs. (1195^ may admit solutions of the form f 1 7^ 0, f2 = and 
f 1 = 0, f 2 7^ 0. In the first case we have 

^""'^ (196) 



in the second 



Ai 



^""'^ (197) 



A2 ' 

as long that, of course, mli < or 77122 < • These lead to the so-called Inert 
models [16011162] . The name derives from the fact that, unlike solutions of eq. (11951) 
which have vi 7^ 0,^2 7^ 0, these vacua lead to scalar particles which do not couple 
to gauge bosons, and can easily be made to decouple from fermions. As such, these 
models provide excellent candidates for dark matter. 

The equations fll95p do not, in general, have a unique solution. Even when they do 
not admit inert vacua they can lead, depending on the values of the parameters, 
to several sets of vevs {vi,V2} which are not related by trivial sign changes |418] . 
In |421j it was however proven that there can be no more than two such solutions 
which are simultaneously minima of the potential. 
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5.9 Vacuum stability 

In the SM there is only one possible type of vacuum, other than the trivial one. Indeed, in 
that theory the scalar potential is such that one can only have one minimum. In theories 
with more than one scalar, however, there is the possibility that minima of different 
natures occur, and thus that the theory may allow for tunneling from one minimum to 
another. An example of this behaviour occurs in SUSY models, where the existence of 
many charged and/or coloured scalar fields gives rise to possible charge and/or colour 
breaking minima |422j . These minima would imply massive photons and/or gluons, and 
as such one wishes to avoid them. Hence, it is desirable to impose bounds on the theory's 
parameters to ensure that the global minimum preserves the SM's symmetries. 

Colour breaking is impossible in the 2HDM, but we have already seen, in section 15. 8[ 
that charged vevs are possible. Also, one may have CP breaking vevs. Thus, the question 
arises: can these vacua of different natures coexist with one another? Could one tunnel, 
for instance, from a normal minimum to a deeper charge-breaking one? In other words, 
given a minimum in the 2HDM, is it stable? The limited number of scalars, and the 
inexistence of cubic terms in the potential, in the 2IIDM allows us to treat this question 
in a fully analytical way. It has been possible to show that |405[ I423[ 1418] : 

• For a potential where a normal stationary point and a charge breaking one exist, 
with vevs as given by eqs. fllQSp and fll93p . the difference in the values of the scalar 
potential at both those vacua (respectively Vn and Vcb) is given by 

VcB -Vn = [-^j [{v[v2 - v'^v^f + a'vl] , (198) 

where (M^±/4f^)7v is the ratio of the squared mass of the charged scalar to the sum 
of the square of vevs, f ^ = f ^ + w^, as computed in the normal stationary point. 

The significance of f ll98p is plain: if the normal stationary point is a minimum (which 
implies that > 0) then one will necessarily have Vcb ~ Vn > 0. That is, if there is a 
normal minimum, any CB stationary point will lie above it - the normal minimum is stable 
against charge breaking. In |405j it was also proven that in that case the CB stationary 
point is necessarily a saddle point. Thus, normal and CB minima cannot coexist in the 
2HDM. Of course, it is possible to choose sets of parameters of the potential such that 
the global minimum of the potential breaks charge - but in that case no normal minima 
will exist. 

• For a potential where a normal stationary point and a CP breaking one exist, with 
vevs as given by eqs. f ll95p and (11940 . the difference in the values of the scalar 
potential at both those vacua (respectively Vn and Vcp) is given by 




where (M^/4t>^)jv is the ratio of the squared mass of the pseudoscalar to the sum 
of the square of vevs, f ^ = f ^ + as computed in the normal stationary point. 
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The significance of f ll99p is plain: if the normal stationary point is a minimum (which 
implies that M\ > 0) then one will necessarily have Vcp — > 0. That is, if there is 
a normal minimum, any CP stationary point will lie above it - the normal minimum is 
stable against CP breaking. In |421j it was also proven that in that case the CP stationary 
point is necessarily a saddle point. Thus, normal and CP minima cannot coexist in the 
2HDM. Of course, it is possible to choose sets of parameters of the potential such that 
the global minimum of the potential breaks CP - but in that case no normal minima will 
exist. 

• No CB and CP minima can coexist either. This derives from the fact that for the 
CP vacuum the square of the charged Higgs mass is given by 

(M^±)cP = -^[A4 - ReiX,)]ivl+vl), (200) 

whereas in a CB vacuum one of the squared mass matrix eigenvalues is 

M'cB = ^[^4 - Re{X,)]{v[' + v',' + a'). (201) 

As we see, the sign of A4 — Re(A5) determines that both these vacua cannot be 
simultaneously minima. Thus, if a CP minimum exists the (unique) CB stationary 
point, if it exists, cannot be a minimum as well, and vice-versa. 

• Unlike the CB and CP cases, the normal minimization conditions allow for multiple 
solutions, so that one can have an Ni vacuum with vevs {fi^i , f2,i} and an N2 
vacuum with different vevs {^1,2 , "^2,2}- In that case, the difference in the values of 
the potential in those two vacua (respectively, V^^ and Vn^) is given by 

(^^1, 1^^2,2 - ^^2,if 1,2)^ , (202) 

where (M^±/f^)^^ is the ratio of the squared mass of the charged scalar to the sum 
of the square of vevs, {v'^)ni = "^1,1^ + '^2,1^, as computed in the Ni stationary point, 
and analogously for {M'jj^/v'^)]^^. 

Equation (12021) shows us that there is nothing favouring A^^i over N21 the deepest stationary 
point will be determined by the values of the parameters - as it should be, since both 
vacua have the same symmetries. 

In Ref. |421j it was proven that it is possible to have two coexisting normal minima. 
Numerical examples of this were found in |418j for the particular case of a softly broken 
f/(l) model, where it was shown that one may have a curious situation: a minimum A^^i 

with \Jv'li-\- V21 = 246 GeV, and all particles having their known masses; and a deeper 

N2 minimum, for which \Jv\^2 + "^2,2 7^ 246 GeV (possibly much larger or smaller). The 
N2 minimum would have the same unbroken symmetries as A^i hut with a completely 
different mass spectrum of scalars, fermions and gauge bosons. This was seen to happen 
only for a very small portion of the parameter space. Of course, it is very easy to pick 
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sets of parameters for which A^i would be the global minimum, with N2 above it or not 
even existing. 

The main consequences of this vacuum analysis are: 

• Minima of different natures cannot coexist in the 2HDM. 

• Whenever a normal minimum exists in the 2HDM, the global minimum of the 
potential is normal. No tunneling to a deeper CB or CP minimum is possible. 

• If a CP (CB) violating minimum exists, it is the global minimum of the theory, and 
thouroughly stable. No tunnelling to a deeper normal or CB (CP) minimum can 
occur. 

5.10 Mass matrices for neutral minima 

In order to determine whether a given stationary point is a minimum, one needs to analyse 
the second derivatives of the potential, meaning the scalar mass matrices. For the sake of 
completeness, we include here the expressions for these matrices for neutral minima. The 
mass matrices for CB stationary points can be found in [405j . A discussion in the MSSM 
with explicit CP violation, which approaches the 2HDM in a given limit, can be found in 
Ref. US]. 

• Normal minima 

With vevs given by fll95p and determined by fll79p . the squared mass for the charged 
scalar is given by the eigenvalues of a 2 x 2 matrix whose entries are 

This matrix has a zero eigenvalue (corresponding to the Goldstone boson which gives 
mass to the W) so that the charged scalar squared mass is 

M^± = --^\/, (204) 

2viV2 

where we have defined the quantity 

V = -2Re{ml^) + [A4 + Re(A5)]t;it;2 + Re(A6)wi + Re{X7)vl. (205) 

Let us now assume for a moment the potential is explicitly CP conserving (i.e. we will 
work in a basis without imaginary couplings). The pseudoscalar mass matrix is the 2x2 
matrix of the second derivatives of the imaginary parts of the neutral components. 
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where the entries of this matrix have been simphfied through the minimization conditions. 
It has one zero eigenvalue (corresponding to the Goldstone boson which gives mass to the 
Z), so that the pseudoscalar squared mass is found to be 

Ml = Mi± + ^[A4 - Re(A5)] v\ (207) 

As for the CP-even scalars, they are the eigenvalues of the symmetric 2x2 matrix, given 
by 

= \ aRe(4^Re(^0) = 5) ' ^208) 
where the matrix's entries are given by 

A 2 , 3Ai 2 , A345 2 , QT3 /\ ^ 

A = + —Vi + —^^2 + 3Re(A6)t;if2, 
B = 77122 + —^2 + + 3Re(A7)t;it;2, 

C = -Re(m22) + ^ [ReiXG)vl + Rei\'r)vl] + X345V1V2, (209) 

where we have defined A345 = A3 + A4 + Re(A5). The mass eigenstates of this matrix are 
traditionally represented as h and H, respectively the lightest and heaviest state. The 
diagonalization angle a of the matrix fl208p is defined as 

H = — cosQ;Re((y9°) — sinaRe((y92) 

h = sinaRe((^?) -cosaRe((^^) (210) 
so that one gets, after trivial calculations, 

2C 

tan2a = - . (211) 

A- B ^ ^ 

If we are dealing with the most general 2IIDM potential with complex couplings, then 
there will be mixing between the CP even and odd scalar particles. The neutral scalars 
will be the eigenvalues of a 4 x 4 matrix, 

composed of three 2x2 blocks. [M|] and [Ml] are as given in eqs. (I208p and f l206p . 
respectively, whereas [Mj] is given by the matrix 

m = (^; l') . (213) 



^^Clearly this is a basis-dependent definition, as is that of tan /3. None of these angles are basis invariant 
quantities, though their difference is |359j . 
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whose entries are 

Ai = [lm{X5)v2 + 2Im(A6)t;i] , 

3 1 

Bj = Im(m^2) - lra{X<i)viV2 - -lm{\(i)vl - -Im(A7)f2, 

1 3 

Ci = -Im(mi2) + lm{X5)viV2 + -Im(A6)fi - 2^"^('^7)^^25 

Di = -^vi[lm{X5)vi + 2lmi\r)v2]. (214) 

Obviously, one of the eigenvalues of [M^] will be zero. 

• Inert minima 

Recall that one needs = Ag = A7 = to obtain inert vacua, and they obey the 
minimization conditions fll96p or f ll97p . Considering, for example, the case f 2 = and 
Vi = v/\/2, the scalar mass spectrum is greatly simplified. The CP-even mass matrix is 
diagonal (so that in this basis one may consider a = /3 = 0), and the expressions for the 
masses are: 

M^± = ml2 + ^Xsv^ 

Ml = Mi± + i[A4-Re(A5)]t;' 
Ml = Ml + Re(A5) 

Ml = Aifl (215) 

In inert models where we further have A5 = (those arising from a U{1) symmetry, 
for instance) A and H will be degenerate. Also, notice that though we maintained the 
notation h and H, it is now not guaranteed that they correspond to the lightest and 
heaviest CP-even states - that will depend on the specific values for the parameters. 
In fact, notice that the state '/i' can be made much heavier or much lighter than the 
remaining three - it is the only one depending on the coupling Ai. It can be shown that 
the H and A states do not couple to the Z or to the fermions, hence the name "inert" . 

• CP breaking minima 

It only makes sense to speak of minima with spontaneous CP violation if that sym- 
metry is defined - i.e. if it is not explicitly broken by the potential. As explained in 
section [6l that corresponds to the existence of a basis where all parameters are real. We 
now write all masses in such a basis, for a vacuum with vevs such as f llSOp . The charged 
scalar mass is now, as was mentioned before, 

Mi± = -^iX^-X^M + vl). (216) 

Given that the vevs now have an imaginary component, there will be a mixing between 
the real and imaginary components of ip^. The neutral Higgs squared masses are thus the 
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eigenvalues of a 4 x 4 symmetric matrix M^p. Using the minimization conditions fll94p 
to simplify, the entries of this matrix are given by: 

M^p(l, 1) = Ai-u^ cos^ 6* + 2A6'yiW2 cos6' + A5t;2 

M^p(l,2) = Xev^cos^ 9 + + \4)viV2Cos9 + XyvI 

M^p(l,3) = (A6'y2 + Ai-Ui cos6')'Ui sin6' 

M^p(l,4) = (Aet^i cos 6* + A5t;2)t)i sin 6* 

M^p(2, 2) = X^vl cos^ 6 + 2XjViV2 cos 6 + X2v\ 

Mlp{2, 3) = [XjVi cos 6* + (As + A4 + A5)t;2]^^i sin 9 

M^p(2,4) = (A7'U2 + A5W1 cos6')'yi sin6' 

M2p(3,3) = Aiw^sin^^ 

M^p(3,4) = Aet^isin^^ 

M2p(3,4) = A5t;^sin2^. (217) 
This matrix has a zero eigenvalue, corresponding to the Z Goldstone boson. 



5.11 The Higgs basis 



After spontaneous electroweak symmetry breaking with neutral vacua, the fields acquire 
the vacuum expectation values Vi/\/2 and V2e^^ /\/2] where Vi and V2 are real, without 
loss of generality. It is convenient to rotate into a new basis of scalar fields such that the 
vev is all in the first field, while the second field has no vev. This is known as the Higgs 
basis {Hi, H2}, obtained through Ha = Ylb=i ^ab^t, where |425] 



U 



1 f 1 f 2 e 
V [ -V2 f 1 

r vi ^2 ^-iS/2 - 



(218) 
(219) 



is unitary, and v = \/v\^ v\ = {\/2Gp) = 246 GeV. This rotates the vev into iJi, 
allowing us to parametrize 



Hi 



G+ 

{v + H + iG'>)/V2 



Ho 



H+ 
{R + iI)/V2 



(220) 



where and G^ are the Goldstone bosons, which, in the unitary gauge, become the 
longitudinal components of the and of the Z", and if, R and I are real neutral fields. 
Notice that there are infinitely many Higgs basis. Indeed, we may change the phase 

of ii2, 

H2 ^ e'^H2 (221) 

while keeping the vev in Hi. Under this phase transformation, the fields R and / are 
rotated by 

' R\^( cose sine \fR 
I J I — sin e cos ^ J \ I 



(222) 
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In going from a generic basis to the Higgs basis, the couphngs in the scalar potential 
get rotated. Comparing eq. flllSp with eq. fl219p without the overall phase e"**^/^, we find 

tanp = — , 
X = 5/2, 

e = S. (223) 

Thus, the potential coefficients in the Higgs basis are obtained from those in the generic 
basis, through Eqs. flll9p -f lT28|) . with /3, x, and ^ as defined in eq. f l223p . The quadratic 
(quartic) coefficients of the scalar potential in the Higgs basis are denoted by fhfj (Aj). 
In the Higgs basis, the stationarity conditions are simply given by 

^11 = -^Aiw^ 

= (224) 

Let us count the parameters in the Higgs basis: the complex parameter rhf^ is determined 
by rhl^, Ai, and Ag. Thus, we would seem to have 12 parameters for the most general 
2HDM potential. However, the fact that one may rephase H2 implies that only the 
relative phases of the complex parameters A5, Ae, and Ay have physical significance. We 
are thus left with 11 physical parameters, as expected (we can view m^]^ as determining 
f^). However, as observed earlier, potentials to which symmetries have been imposed 
will display, in the Higgs basis, a smaller number of parameters. As first pointed out 
by Lavoura |426j and subsequently greatly expanded by Davidson and Haber [359] . the 
coefficients of the potential in the Higgs basis are observable, up to the overall phase of 
the complex parameters. The only physically meaningful phases are Im(A5Ag), Im(A5A7), 
and Im(A6A7). These are proportional to the quantities Ji, J2, and J3 (respectively), 
introduced by Lavoura and Silva |425j as basis-invariant signals of the CP violation in the 
2HDM present after spontaneous electroweak symmetry breaking. Notice that only two 
are independent; for example, Ji and J3. However, since in a given theory Xq may vanish 
while Im(A5A7) does not, all three must be considered when searching for CP violation. 



5.12 Yukawa couplings in the Higgs basis 

The most generic Yukawa interactions that one can write with two doublets and the 
fermionic content of the SM are given by 

2 

^y = -Yl ('^^■^'^h + ^j'^I'Pr) + LL^^.Y^en] + H.c. (225) 

In this equation, = zr2$*; Ql, Ll, ur, pr and are 3-vectors in fiavour space - the 
ur correspond to the negative- charged quarks, and pr to the positive-charged ones ^ 



Ll and Ir are the leptonic fields; and Y^, Y^ and Y^ are generic 3x3 complex matrices 
containing the Yukawa couplings for, respectively, the down, up and leptonic sector. In 



20 



Which, after diagonalization, wiU yield the down and up type quarks. 



104 



the initial basis ($i, $2)5 the doublet $1 has vacuum expectation value (vev) vi /a/2 and 
the doublet $2 has vev V2 / where vi and V2 are allowed to be complex. We define 



vif + \v2f. (226) 

Experimentally, v ~ 246 GeV. Notice that v is, by definition, real and positive. 

Let us define the Higgs basis {Hi, H2) by Hi having vev v j \/2 while H2 has vanishing 
vev Ell- The transformation from one basis to the other is 

$1 = ^-{viHi + v*2H2), (227) 

$2 = ^{v2Hi-vlH2). (228) 

Let us define the matrices 

Mn = ■^{viY^ + V2Yi), (229) 

iV„ = -^{vlYt - vlY,') . (230) 

^jYf = ^ {M^nHi + N^H2) . (231) 

The matrix M„ in equation (12291) is the mass matrix of the down-type quarks. Notice 
that Nn in equation fl230p may be written as 



Then 



Nn = ^iMn--^Y,' 
vi V2fi 



(232) 



= -l^M^ + ^Y,'. (233) 

V2 V2V2 

It is convenient to pass to the mass basis of the quarks, in which the mass matrices are 
diagonal. To do so, we bi-diagonalize M„, via a simultaneous rotation on the left-handed 
and right-handed quark fields: 

Ul^M^U"^ = M,, (234) 
f/L^iV„f/- = Nd, (235) 

where = diag (m^, m^, m;,) is diagonal with real and positive diagonal elements. In 
the sector of the up-type quarks, 

M, = ±(vlY,^ + v;Y,n, (236) 
N, = l={v2Y,--viY,n, (237) 



^^The definition used in eq. (j218l) was useful for comparison with the basis-change formulae of 
eqs. (|119p - (I128p . This definition differs from the first by an irrelevant phase such as in eq. (|22ip . 
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and 

2 



~ Pi 

J2 ^jyi" = — [Mp {ir2Hl) + {iT2H*)] . (238) 



V 

The bi-diagonalization proceeds as 

Ul^M^UI = Mu, (239) 
UL^NpU^^ = iV„, (240) 

where = diag (m„, nic, rrit) is diagonal with real and positive diagonal elements. Notice 
that the Ul matrix has to be the same in eqs. fl235p and fl240p . 

If, after the bi-diagonalization, the matrix A^^ (Nu) is not diagonal, then there are 
scalar tree-level flavour- changing neutral interactions in the down (up) sector, and the 
FCNC couplings for those interactions are obtained from the entries of A*"^ (A^^)- In the 
generic basis of eq. fl225p . the condition for non-existence of FCNC is also quite simple: 
if the matrices and Y2 {Y^ and Y2) commute, there is no tree-level FCNC in the 
down-quark (up-quark) sector |383j . This, of course, is trivial if, for instance, Y2 is zero, 
as is obtained in models with Natural Flavour Conservation, which were discussed in 
Chapter H 

5.13 Basis transformations and Yukawa couplings 

We start from the Lagrangian 

C = Cu + £y, (241) 

where 

2 2 
-/:h= = 5^ /ia6($i$.) + I A,,,,,($l$,)($t$,), (242) 

a,b=l a,b,c,d=l 

-Cy = Ql + y2''^2) riR + (y,^^i + Y2^^2) Pr] + H.C., (243) 



The Lagrangian can be rewritten in terms of new fields obtained from the original 
ones by simple basis transformations 







$' 

a 










a=l 


Ql 






= Ul Ql, 


riR 


-> 


"^R 


= UnR Ur, 


PR 


-> 


Pr 


= UpR PR, 



(244) 

where U G U{2) is a 2 x 2 unitary matrix, while {UL,UnR,UpR} G U{3) are 3x3 
unitary matrices. Under these unitary basis transformations, the gauge-kinetic terms 
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are unchanged, but the coefficients i^ab and Xab,cd are transformed as 



fJ'ab fl'ab 




(245) 




'ab,cd 




(246) 



while the Yukawa matrices change as 



2 



a ' a 



di 



2 



-'a ' -'a 



a 



(247) 



a=l 



Notice that we have kept the notation of showing exphcitly the indices in scalar-space, 
while using matrix formulation for the quark flavour spaces. The basis transformations 
may be utilized in order to absorb some of the degrees of freedom of /i. A, V^, and/or F", 
which implies that not all parameters in the Lagrangian have physical significance. 

5.14 Symmetries and Yukawa couplings 

The symmetries we have discussed in section 13TB] were imposed on the scalar sector, but 
they have to be extended to the full lagrangian. By their definition, they leave the gauge 
kinetic terms invariant, but will affect the Yukawa terms, where the scalars are coupled 
to the fermions. As such, one needs to consider how the fermion fields transform under 
such symmetries, and whether or not their impact on the Yukawa sector leads to viable 
models. 

5.14.1 Family symmetries 

We will now assume that the Lagrangian in eq. fl24ip is invariant under the symmetry 



2 



ql ql = Sl ql, 

riR n| = SnR Ur, 



PR Pr= SpR PR, 



(248) 
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where S E U{2), while {Sl, SnR, Sp^} E U{3). As a result of this symmetry, the parame- 
ters in the lagrangian have to obey the following equations: 

2 

f^ab = Saa 5'^/3, (249) 

a,/3=l 
2 

^ab,cd = ^ ^ 'S'aQ, S'c-y Xal3,^f5 S^^p S^g, (250) 
o,/3,7,(5=l 
2 

= E^^^" ^"i^ (251) 
2 

a=l 

Under the basis transformation of eq. (12441) . the specific form of the symmetry in 
eq. (I248p is altered as 

S' = U S U\ (253) 
S'l = UlSlUI (254) 

^'nR = SnR U\r, (255) 

%R = UpR SpR Ul^. 



S'pR - UpR SpR Ul^. (256) 



5.14.2 CP symmetries 

We will now assume that the Lagrangian in eq. (124 ip is invariant under the CP symmetry 

2 



a=l 



Ur XnR 7°*^ n\, 

PR ^ Xpn^'Cp% (257) 
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As a result of this symmetry cj, the parameters of the lagrangian need to obey 

2 

^aaf^alsXjSb, (258) 



a,/3=l 
2 

-^ab.cd = -^L-^^c'^«/9,75^/3&^'5'^' (259) 

a, /3, 7, (5=1 
2 



Y,'* = Y^X^^XlY^xI^, (260) 

2 

= $^XlXiF«Xt^. (261) 



a=l 



Under the basis transformation of eq. f l244p . the specific form of the symmetry in 
eq. f l257p is altered as 

X' = U X U^, (262) 

X'l = UlXlUJ, (263) 

XU = U^rX^rUI^, (264) 

^'pR = XpR UpR. (265) 

5.14.3 Symmetries of the scalar-scalar and scalar-fermion interactions 

We may now ask whether the six symmetry classes of the Higgs potential shown in table [5] 
can be extended to the fermion sector in a way consistent with experiment. This issue 
is complicated by the fact that the fermion fields can transform, for a given scalar sym- 
metry, under infinitely many ways, as detailed in eqs. ( 1251 p and fl252p for Higgs-family 
symmetries, and eqs. ( I260p and ( 1261 p for GCP symmetries. Let us deal with those two 
types of symmetries separately. 

• Higgs family symmetries extended to the Yukawa sector 

As an example of how complex this issue can become, consider that even for a simple 
Z2 symmetry in the scalars, for which the $2 doublet fiips its sign, we can choose an 
extremely elaborate transformation law for the quark fields, with arbitrary unitary 3x3 
matrices Sl, SnR and SpR. To further complicate matters, the field transformation laws 
can correspond to an Abelian symmetry (with a single generator, or a set of generators 
which commute amongst themselves), or a more general and complex non- Abelian one 
(with several non-commuting generators). In the scalar sector, all but the class I models 
(with a full U(2) symmetry) can be obtained via an Abelian symmetry. 

As such, extensions of scalar symmetries to the Yukawa sector are usually specific 
examples, where one chooses a particular form for the fermion transformation matrices. 



^^Eq. (|258|) can be written in Higgs-family matrix form as fi* — X'' fiX, in an obvious notation. This 
is equivalent to fi* — X* iiX^. Similar rewritings are also possible for eqs. p59|) - (|261|) . sometimes 
complicating comparisons. 
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There are many such examples. For instance, the various implementations of the Z2 
symmetry (or the U(l) one) which preclude the occurrence of tree-level FCNC |271 [28] - 
the so-called type I, II, X (lepton specific) and Y (flipped) 2HDMs. Such models are said 
to have "Natural Flavour Conservation" , and their phenomenology was already discussed 
in chapter O Another example would be the BGL model [237] . which does contain 
FCNC which are naturally small due to a flavour-dependent fermionic symmetry. A third 
example would be a recent application of a Z3 symmetry to the 2HDM lagrangian, with 
interesting consequences regarding the origin of CP violation |427] . 

The extension of generic Abelian symmetries into the quark sector was only fully 
mapped recently by Ferreira and Silva |428j . That calculation was greatly simplified by the 
usage of the full freedom of choosing a basis of both scalar and fermionic fields, as explained 
in the previous sections: it turns out that it is always possible, for a transformation 
involving a single transformation matrix Sx, to go to a basis of fields for which all such 
matrices are diagonal, containing, in general, only complex phases. Meaning, it is always 
possible to choose a basis of fields such that the fermionic transformation matrices of 
eqs. fl25ip and (12521) are reduced, through transformations like (I254p - (I256p . to the form 



Thus, all the freedom in choosing the fermions' transformation laws is reduced to the 
choice of the arbitrary (real) phases at, Pi and 7^. Even this immense simplification, 
though, yields millions of possible specific symmetry implementations - that is, of possible 
different models. 

However, as explained in detail in |428j . it turns out that the simultaneous require- 
ments of six massive quarks and an acceptable CKM matrix are extremely powerful and 
curtail immensely the number of allowed models. The reason for that is that the effect of 
the phases on the CKM matrix, or in the quark squared-mass matrices, is tantamount 
to setting many of their entries to zero. Very easily, for arbitrary choices of the Oj, one 
obtains a line or column of zeros in the mass matrices, or a diagonal block on the CKM 
matrix. Surprisingly, then, the transformation laws of the quark fields are extremely con- 
strained. The authors of |428] have shown that there are only 246 possible forms for the 
Yukawa matrices for both the up and down quarks. Up to physically unimportant per- 
mutations, these involve only 34 forms of Yukawa matrices. As such, there is effectively 
a maximum of only 34 possible ways of extending the Abelian Higgs-family symmetries 
(that is, the models like classes IV and V, with symmetries like Z2 or the Peccei-Quinn 
U(l)) to the quark sector. Most of these symmetry-constrained Yukawa matrices lead to 
tree-level scalar FCNC. However some of them have already been shown to have naturally 
small FCNC, which are CKM suppressed, the aforementioned BGL models; or to be such 
that one can easily find values of parameters which satisfy all experimental constraints, 
such as the mass differences of neutral kaons and 5-mesons, which typically are difficult 
to accommodate when tree- level FCNC are present. 

^■^Or three massive charged leptons, for the argument is trivially extended to the leptonic sector. 




diag(e*"^e^°^e*"^), 
diag(e^^^e*^^e*^«). 



(266) 
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In addition, the general analysis of these Abelian symmetries leads to some wide- 
reaching conclusions: 

• Imposing Z2 on the scalars does not imply a continuous symmetry in the Higgs sec- 
tor, but it may or not imply a continuous symmetry in the Yukawa sector, depending 
on how the symmetry is extended into the fermions. 

• Imposing Z3 on the scalars does imply a continuous symmetry in the Higgs sector, 
but it may or not imply a continuous symmetry in the Yukawa sector, depending on 
how the symmetry is extended into the fermions. 

• Imposing Z„, with > 4, on the scalars implies always a continuous symmetry, 
both in the Higgs sector and in the Yukawa sector. 

This analysis also permits us to qualify the statement we made in section 15.6.11 following 
eq. (11621) : the imposition on the scalar potential of any discrete symmetry Z„, with 
> 2, always leads to the same potential, the Peccei-Quinn one of class IV. However, 
as we mentioned there, the extension of those symmetries to the fermion sector might be 
able to "lift the degeneracy" of these symmetries - and in fact it does. The results of |428] 
show very clearly that: (a) imposing on the Yukawa terms is different from imposing 
with n > 2; (b) imposing Z3 on the Yukawa terms is different from imposing any 
other Zn, n > 3; and (c), that imposing any Zn, with n > 4, always leads to the same 
form of Yukawa matrices. As such, in terms of Zn symmetries, the 2HDM lagrangian falls 
under three classes: lagrangians with a Z2 symmetry; lagrangians with a Z3 symmetry; 
and lagrangians with any other Zn, n > 4, which always lead to the same symmetry 
constraints, regardless of the value of n. 

Also, notice that, since any finite discrete group has an abelian sub-group, the classi- 
fication of |428j is important even when considering non-Abelian family symmetries. The 
discussion above concerns extensions of the Z2 and U(l) scalar symmetries to the fermion 
sector. That leaves out, of the three possible Higgs-family symmetries, the models invari- 
ant under the full U(2) group - dubbed class I in section 15.61 However, up until now it 
has been impossible to extend the U(2) symmetry in a satisfactory way to the Yukawa 
sector - all attempts to do so have lead to zero mass quarks, for instance. A proof of 
impossibility has not yet been obtained, and the question remains open. 

• GCP symmetries extended to the Yukawa sector 

By comparison with Higgs-family symmetries, it is much simpler to extend the three 
possible scalar GCP symmetries to the Yukawa sector. In fact, as we discussed in sec- 
tion I5.6.2[ any GCP transformation on the doublets can be reduced to a simple rotation 
matrix of the form of eq. (I139p . As it turns out, the Vienna group has also shown |383] 
that a similar result is attained for the generic 3x3 transformation matrices of the quark 
fields in eqs. (I260p and (126 ip . That is, it is always possible, through a judicious choice of 
basis of quark fields, to reduce the transformation matrix of the left doublets to the form 




(267) 
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with some angle 0<a<7r/2. A similar form is obtained for the matrices XnR and Xppi 
in eqs. fl260p and fl26ip . with independent angles /3 and 7 in the same range as a. The 
extremely simple form of the fermion transformation matrices imposes severe constraints 
on the Yukawa couplings. In fact, the constraints are so serious that no ambiguity occurs 
in the fermionic sector when one extends the scalar GCP symmetries to it: each of the 
three GCP models have only one possible implementation on the fermion sector. Recalling 
that the three GCP scalar models can be parameterized in terms of the angle 6 in the 
simplified GCP transformation of eq. fll39p . it was concluded that |391] : 

• For the CPl symmetry (class VI), with ^ = 0, there is only one way to extend 
the scalar symmetry to the fermion sector which does not entail massless quarks 
or charged leptons: by forcing all Yukawa couplings to be real. We are thus left 
with a lagrangian with generic real matrices Y^, Y2, and Y2 - as such the model 
has tree-level scalar FCNC, which are not in any way "naturally suppressed". In 
this model, CP violation must needs arise spontaneously, through a relative phase 
between the two vevs. 

• For the CP2 sjTiimetry (class III), with 6 = 71/ 2, there is no way to extend the 
symmetry to the Yukawa sector without obtaining at least one massless charged 
fermion. As such, the CP2 model may be considered ruled out by experiment. 
However, one might also take the point of view that the CP2 symmetry is an ap- 
proximate one, broken by some manner of mechanism, and as such the massless 
fermions it predicts will gain a (small) mass somehow, corresponding to the first 
generations of particles. The phenomenology of such models was explored in great 
detail in ESZl EHSl ESH]. 

• For the CPS model (class II), with any 0<^<7r/2, a remarkable thing happens: all 
values of 9 7i/3 lead to a massless quark or charged lepton. Only 9 = tc/S leads to 
an acceptable fermion mass spectrum. The Yukawa matrices which result from such 
a symmetry are extremely constrained - the quark sector ends up depending only 
on ten independent parameters (seven moduli and three phases). Nonetheless, this 
model is capable of fitting all quark masses and the elements of the CKM matrix 
with relative ease. The model does possess tree-level FCNC, but they end up being 
quite suppressed, in a "natural" way. The model also possesses a unique feature, in 
the sense that CP violation arises in a completely novel way - we will return to this 
point in section 16. 7[ However, the value of the Jarlskog invariant predicted by this 
model is several orders of magnitude below its SM value, which leads to values of 
the unitarity triangle angles a and (3 practically equal - a prediction of the model 
in contradiction with the most recent experimental data |293j . 

In conclusion, when one extends the three GCP scalar symmetries to the Yukawa 
sector, one obtains: arbitrary FCNC for the CPl case; massless quarks and charged 
leptons for the CP2 case; a single CPS symmetry leading to three massive generations 
of fermions, with naturally small FCNC but predictions for heavy meson phenomenology 
which do not agree with experiment. 
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6 CP violation 



6.1 CP invariance and CP violation at the Lagrangian level: 
Scalar potential 

6.1.1 Two Higgs doublets 

The scalar potential for SU(2) doublets is the most general renormalizable polynomial 
consistent with the gauge invariance and can be written 

"d 

V=Y, + \ Yl . (268) 

a,b=l a,b,c,d=l 

Hermiticity of V implies: 

f^lb = f^ba, Kb,cd = ^ba,dc- (269) 

One may redefine the doublets through unitary transformations without changing the 
physics. Those transformations are called Higgs-basis transformations (HBT), defined by: 

"d "d 
$.^$1 = E^-*- *I^^^$;^ = EK*A (270) 

6=1 fe=l 

where V is an x rij^ unitary matrix acting in the space of the Higgs doublets. Under a 
HBT the couplings and A transform as: 



HBT / _ \^ T A T/t 

m,n=l 

HBT "'^ 
Aafe.cd > Kb,cd = VamVcp\mn,pqV^,jV^^. (271) 



m,n,p,q=l 

The most general CP transformation that leaves the kinetic energy invariant is: 

"d "d 

<^a^J2^abn, H^Y.u:b^l (272) 

b=l b=l 

where U is an Ud x Ud unitary matrix operating in the space of the Higgs doublets. This is 
the definition of a CP transformation for the scalar doublets in models with several such 
doublets. It combines what would be the CP transformation for a single Higgs doublet 
with a Higgs basis transformation, due to the existence of several doublets with the same 
quantum numbers. 

For two Higgs doublets the most general Higgs potential is explicitly written in eq. ( !98l) . 
Hermiticity only allows for four of the coefficients — m^2) ^e, and Ay — to be complex. 
However, that potential contains an excess of parameters. There is no loss of generality in 
redefining the two Higgs doublets in such a way that the quadratic terms are diagonal, thus 
eliminating m^2- Furthermore, one of the remaining three phases can still be eliminated 
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through a rephasing of one of the doublets. Thus, there are (at most) only two independent 
CP-violating phases in the potential of a 2HDM. 

In this section we address the question of what are the necessary and sufficient condi- 
tions for the potential V to be CP-invariant. At this stage we analyse the potential prior 
to gauge-symmetry breaking. We want to derive HBT-invariant conditions following the 
general method proposed in |400j and described in detail in |430] . We investigate what 
restrictions for the couplings /i and A are implied by CP invariance |431j . 

From the potential of eq. fl268p and the definition of the CP transformation given by 
eq. (I272p . it is clear that the necessary and sufficient condition for V to conserve CP is 
the existence of an Ud x Ud unitary matrix U satisfying the following relations: 

f^ab ~ ^ ^ U\j^^rnnUnbi ^ab,cd ~ ^ ] U\^U}.p\mn;pqUnbUqd- (273) 
m,n=l m,,n,p,q=l 

From eq. ( 12 73 p . using the the property of invariance of the trace under similarity transfor- 
mations, one can derive necessary conditions for CP invariance fully expressed in terms 
of the couplings fi and A. Examples of such relations are: 



Ji = Tr I^iiZyZ - ZZyfij = 0, (274) 
l2 = TT(^fiZ2Z -ZZ2f?) = 0, (275) 
where we have introduced the following Ud x Ud Hermitian matrices: 



rid 



Zab = ^ab,mm, (276) 

m=l 

^ab = ^ ^ ^am,mby (277) 
m=l 

"d 

(^y)ab = ^ab,nmfJ^mn, (278) 

m,n=l 
"d 

(■^2)(jfe = ^ ^ ^ap,nm^mn,pb- (279) 



m,n=l 



It is clear that the eqs. f l274p and fl275p are HBT invariant. These two conditions have 
the remarkable property of being necessary and sufficient conditions for V to conserve CP 
in the case of two Higgs doublets, barring the consideration of special isolated points such 
as mil = '"^22 the basis where m^2 = 0) or the special isolated point where Xq = — A7 
with generic Ai and A2 |431j . It should be emphasised that these isolated points are of 
measure zero and are unstable under renormalization, since they do not correspond to 
any symmetry. In order to check that these two conditions are sufficient let us express Ji 
and I2 in terms of the parameters of the potential after diagonalization of the quadratic 
terms, i.e. when mfg = 0: 

h = '-{ml,-ml,Ylm{X,X;), (280) 
h = I (r^n - m^^) Im {X^Xf + AgAf + 2A5A*A; + A^Ay (A2 - Ai)] . (281) 
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Choosing A5 to be real, which can be done without loss of generality, from Ji = we obtain 
that Xq and A7 have either equal phases of phases differing by tt. Then the condition I2 = 
implies 

Im [As (A* + a;)'] = 0. (282) 

In the case where Ae and Ay have equal phases, we find from eq. f l282p that that phase is 
either or 7i/2. The case argAe = argAy = obviously corresponds to a CP-invariant V, 
with the matrix U in eq. f l272p being the 2x2 identity matrix. It can be easily checked 
that the gAg = argAy = 7t/2 also corresponds to a CP-invariant V with 

^=(0 -l)- ^283) 

Notice that at this stage we are assuming ml^ 7^ and [Ael 7^ lAyj. 

Let us now consider the singular points which are unstable under renormalization and, 
therefore, of limited interest. It is clear from the explicit form of Ji and I2 that in the 
special cases mfi = or Ag = — A7 both conditions /i = /2 = are trivially verified 
irrespective of the values of the phases. Yet, it is still possible to have CP violation in 
this region of parameters. In these cases, barring again cases of special isolated points, 
the following basis-invariant necessary condition for CP conservation is useful: 

h = Tr (Z2Z3Z - ZZ3Z2) = 0, (284) 

where is one further 12^ x 12^ Hermitian matrix given by 

(•^3)35 = ^ ^ ^am,j"p^mr,ns^pn,sb- (285) 
m,n,p,r,s=l 

An important characteristic of I3 is the fact that, unlike Ji and I2, it is built exclusively 
from the quartic couplings A. Therefore, non- vanishing of this invariant necessarily signals 
hard CP violation. 

Let us consider the case where = 0; -^i = -^25 and Xq = A7. In that case the quartic 
couplings by themselves conserve CP, provided one chooses 

^=(1 o)- ^286) 

This CP symmetry is only broken by mfi 7^ ^225 by the quadratic terms, and there- 
fore one may say that this potential corresponds to "hidden" soft CP breaking. In this 
example, both Ji and Is vanish identically, whilst I2 = 4:i (mf^ — "^22) I™ (-^5-^6^)- 

Another interesting example of soft symmetry breaking with two Higgs doublets is 
obtained by taking Ai = A2 and Xq = — A7. In this case the quartic couplings by themselves 
conserve CP, provided one now chooses U 
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Once again we have an example of hidden soft CP breaking for ^ ^22- ^^^^ example 
all three CP-odd invariants defined above vanish and an additional CP-odd invariant is 
necessary. In Ref. |432] the following condition was provided: 

2 

I4, = Im i^ac,bd^ce,dgKhJilJ'gafJ'hbfJ'if) ■ (288) 

a,b,...i=l 

It was pointed out in |359] that, under Higgs basis transformations, the given relations 
Ai = A2 and Ag = —Ay remain invariant, this case being a special isolated point in the 
2IIDM scalar-potential parameter space. In the language of Ref. |379] this corresponds 
to the absence of the triplet in the decomposition of the quartic Higgs potential into 
irreducible representations of the SU(2) Higgs basis transformation for two Higgs doublets. 

More examples of hidden soft symmetry breaking can be written, based on different 
U matrices, such as 

"-{1 0) - ''-(J "o")- « 

In both these cases Ii does not automatically vanish. 

Under a HBT the specific form of U for a given CP transformation changes in the 
following way: 

U' = VUV^. (290) 

Invariance under CP of the 2HDM potential for U given by eq. fl286p will therefore look 
different in a different Higgs basis. Taking V as 

one obtains: 

^' = ( J -1 ) • 

This two Higgs doublet model with the reflection symmetry $2 softly broken by 

the quadratic terms proportional to ^q. (|98|) was considered in Refs. |433] . |434] . 



6.1.2 Three Higgs Doublets 

In this subsection we briefly mention the case of three Higgs doublets. The total number 
of independent CP- violating phases in the scalar potential is given by |431] : 

iVphase. = \ [nlinl - 1)] - {na - 1), (293) 

the second term corresponds to the number of phases one can eliminate by rephasing the 
Higgs fields. In general there are sixteen independent phases for = 3. Models with 
three Higgs doublets are much more involved than those with only two. Three Higgs 
doublets were considered |436j in an attempt to introduce CP violation in an extension 
of the SM with NFC [271 EH] . Natural flavour conservation means that the Higgs neutral 
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currents conserve all quark flavours for all values of the parameters of the theory, i.e., 
this conservation is a consequence of the group structure and the representation content 
of the theory and not of a special choice of parameters. NFC with several Higgs doublets 
was implemented in Ref. |436j by requiring invariance of the Lagrangian under separate 
reflections under which any one of the doublets (and perhaps some fermions) change 
sign. Discrete symmetries of this kind were used to insure that only one Higgs couples 
to the right-handed up quarks and another to the right-handed down quarks. It was 
pointed out in Ref. |436j that for three or more Higgs doublets the scalar potential that is 
invariant under these reflections need not conserve CP. On the other hand it was shown in 
[4371 14381 1439] that with three Higgs doublets it is possible to violate CP spontaneously 
while having NFC. In the three Higgs doublets model proposed by Weinberg |436] . a 
^2 X Z2 X Z2 symmetry, under separate reflections of the Higgs doublets of the form 
0j — )■ — 0i, together with an appropriately chosen transformation for the quark fields, 
ensures NFC and leads to a strong reduction in the number of parameters. The Higgs 
potential is given by: 

3 

(294) 

There are three different dij e*^'-' terms, and only these can be complex. It was pointed 
out by Weinberg that in general one cannot rotate away simultaneously the three phases 
Qij. A relevant CP-odd invariant relevant to this model is: 

= Im [Zabcd Ybe Zefgh Zfi Zicha] ■ (295) 

a, ...1=1 

Its explicit form is: 

= rfi2(ii3C?23 [( m-s - m2)(aii - 623) - ( ^3 - mi) (022 - ^13) + 

(296) 

+ { 1712 - mi)(as3 - 612)] sin(6'i2 - 613 + 623) ■ 

Assuming non-degenerate values for the rrii, a non- vanishing indicates a non- vanishing 
{9l2 — 013 + 6^23) • 

In the general case of three Higgs doublets it is possible to build relevant simpler CP- 
odd invariants |431] . which are irrelevant for the case of two Higgs, since they trivially 
vanish in that case. 

The softly broken three Higgs doublets model of Weinberg and relevant CP-odd in- 
variant in this case is also discussed in Ref. [431] . 
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if) 



+ h.c. 



6.2 CP Violation after Spontaneous Symmetry Breaking 
6.2.1 Spontaneous CP violation 

The idea of spontaneous CP breaking was suggested by T. D. Lee [H] in the early stages 
of unified gauge theories. In order to have spontaneous CP violation, one must have a 
Lagrangian which is CP invariant but after spontaneous gauge symmetry breaking the 
vacuum is not CP invariant. One has to be careful in correctly identifying a vacuum as 
CP violating. This has to do with the fact that often a CP invariant Lagrangian allows 
not only for a single CP transformation, but for a whole class of CP transformations. In 
order to have a genuine spontaneous CP violation, the following two conditions have to 
be satisfied: 

(i) The Lagrangian is invariant under a CP transformation which may be physically in- 
terpreted as CP. 

(ii) There is no transformation which can be physically interpreted as CP which leaves 
both the vacuum and the Lagrangian invariant. 

In the Standard Model there is only one Higgs doublet. Hermiticity requires that the 
parameters of the scalar potential be real and, as a result the scalar potential of the 
Standard Model cannot violate CP. Furthermore, spontaneous CP violation is also ruled 
out, in this case, due to the possibility of using a U(l) gauge transformation to make the 
vacuum expectation value of the neutral Higgs real and positive. 

Since we are working in the framework of relativistic quantum field theory, the CPT 
theorem applies |440l 14411 14421 1443] . so spontaneous CP breaking also implies spontaneous 
T breaking and vice-versa. 

For definiteness, let us consider an extension of the SM where n SU(2)xU(l) scalar 
doublets are introduced. In order to include the possible existence of symmetries of the 
Lagrangian under which the scalar doublets transform non-trivially, one has to consider 
the most general CP transformation which leaves invariant the kinetic energy terms of 
the scalar potential. Thus, we consider the following CP transformation for the scalar 
doublets: 

n 

CP^i{CP)^ = Y,U:j^] (297) 

corresponding to eq. ( 1272 p . Assuming that the vacuum is CP invariant, meaning that: 

CP|0) = |0) (298) 
one can readily derive from eqs. (129 7p and (I298p the following relation |444] : 

n 

^t/.,(0|<l>,|Or = (0|<l>.|0) (299) 
i=i 

If the vacuum is such that none of the CP symmetries allowed by the Lagrangian satisfy 
eq. (I299p . then this means that the vacuum is not CP invariant and we say that CP is 
spontaneously broken. 
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From the previous discussion, one concludes that in the presence of extra symmetries 
imposed on the Lagrangian, one has to be specially careful in analysing whether a partic- 
ular vacuum violates CP or not. The point is that the presence of an extra symmetry in 
the Lagrangian may allow for non-trivial possibilities for the matrix U in eq. (I297P , which 
may satisfy eq. f l299p . even in the case of complex minimae. This can be best understood 
through a simple example: 



6.2.2 An example 



Let us consider an extension of the SM with two Higgs doublets, where a Z2 symmetry is 
introduced, with the scalars transforming as: 



$1 



$5 



(300) 



A possible motivation for the introduction of a Z2 symmetry, is the requirement of natural 
flavour conservation (NFC) in the Higgs sector [271 i2H] • Indeed, if the right-handed down 
quarks are odd under Z2, 

dR -dn (301) 

while all other fields are even, then down quarks receive mass only from $1, while up 
quarks receive mass only from $2, thus satisfying the NFC principle. 

The most general gauge symmetry invariant Higgs potential, consistent with the Z2 
symmetry, can be written as 



V = V^ + 



\An^2] $I$2 +h.C 



(302) 



where Vq denotes the part of the potential which does not depend on the relative phase 
of the It is clear that for A5 > 0, the minimum of the potential is at: 



V2 



(303) 



One could be tempted to think that this vacuum violates CP "maximally". This is 
not the case , as it can be seen from eq. f l299p . Indeed, the presence of the Z2 symmetry 
allows for various choices of matrix U which defines the CP properties of $1, $2- Apart 
from the trivial one, one may choose: 



U 



It is clear that with this choice of U , eq. 



-1 
1 



(304) 



is satisfied, 





r i- 1 
Vie 2 


* 


r i- 1 

Vie 2 




V2 




V2 



(305) 



thus proving that the vacuum of eq. (13031) is CP invariant. At this stage, it is worth 
noting that one encounters an entirely analogous situation in the Minimal Supersymmet- 
ric Standard Model (MSSM) where one of the possible minima also has a relative phase 
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of 7r/2, which does not lead to spontaneous CP violation. It has been shown |445[ 1446] 
that one may achieve spontaneous CP violation in an extension of the MSSM where one 
introduces a singlet scalar. 



Coming back to the previous discussion, one may wonder whether this is a generic 
feature of vacua with "calculable" vacuum phases. This question was addressed in detail 
by Branco, Gerard and Grimus in Ref. |444j . It was shown that indeed this is the case for 
most vacua with calculable phases arising from the presence of extra symmetries in the 
Higgs potential. Another interesting example is the case of S3 symmetry introduced in a 
Higgs potential with three Higgs doublets, transforming as a three dimensional reducible 
representation of S3. The most general renormalizable Higgs potential can be written 
[ST] : 



V = Vo + \i (^$1$, ) + A2 
+A3 ' ' 



$1$,) f$I$j + h.c. 



mi) ($$fe + h.c. 



+A5 



$1$,) ($i<i>j+h.c. 



+ A4 

+ Ae 



+ (306) 



where Vq denotes the part of the potential with no phase dependence. In each square 
bracket a sum is understood over all independent permutation of i, j, k with i ^ j ^ k. 
It can be readily verified that there is a region of parameter space where the vacuum has 
the following phase structure: 



vexp 



z^(A:-l) 



= 1,2,3 



V2 ■ 



(307) 



It can be easily shown using an argument analogous to the one used in the Z2 example 
that, contrary to naive intuition, the vacuum of eq. f l307p is CP and T invariant. One may 
wonder whether this is a universal feature. Namely, one may ask whether calculability of 
vacuua phases necessarily implies CP invariant vacuua. In Ref. |444] it was shown that 
this is not the case. A counterexample was found [444] based on the group A(27) which 
is a dyhedral-like subgroup of SU(3) with 27 elements. In this example, a CP-violating 
vacuum with calculable phases was found. 



6.2.3 A Survey of Models with Spontaneous CP Violation 

At this stage, the following question is in order: What is the minimal extension of the 
SM where one may achieve spontaneous CP violation while at the same time not entering 
in conflict with experiment? In order for a given model to be a candidate for a realistic 
example of spontaneous CP violation, it should satisfy the following conditions: 

i) The CP violating phase arising from the vacuum should be able to create a complex 
CKM matrix, leading to CP violation through W-mediated weak currents. 

ii) The model should be able to avoid in a plausible way, i.e. without unreasonable 
fine tuning, the stringent experimental constraints arising from FCNC processes, as well 
as from the knowledge of the location of the upper vertex of the Unitarity Triangle [7] . 
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First let us explain why the model should satisfy the condition (i). At present, there 
is strong evidence for a complex CKM matrix even if one allows for the presence of New 
Physics beyond the SM |448] . The best evidence arises from the non- vanishing of the 
rephasing invariant angle 7 [7] which does not receive important contributions from New 
Physics. It is non-trivial for a model with spontaneous CP violation to satisfy at the same 
time both constraints (i) and (ii). The reason has to do with the fact that in order to 
have spontaneous CP violation, the Lagrangian has to be CP invariant, which requires 
real Yukawa couplings. Then the phase arising from the vacuum expectation value must 
give rise to complex quark mass matrices M„, M^, in such a way that the weak basis 
invariant Icp defined by 

IcP = Ti[H^,Haf (308) 

does not vanish gOO], with = M^Ml and Hd = MdM\. The non- vanishing of Icp has 
to be achieved without generating too large FCNC, so that condition (ii) is satisfied. This 
is the source of the difficulty in constructing realistic models of spontaneous CP violation. 
In the sequel we shall present a simple model which satisfies both conditions in an elegant 
way. We consider next some of the minimal models with spontaneous CP violation which 
have been considered in the literature. 



A. Lee's Model [9] 

As previously mentioned, this is the first model of spontaneous CP violation proposed in 
the literature. Lee introduced two doublets but no extra symmetry in the Higgs potential. 
In this case it was shown by Lee that there is a non-singular region of the Higgs param- 
eter space where the vacuum conserves electric charge but violates CP. At the time Lee 
suggested his model, there were only two incomplete generations, since charm had not 
been discovered. Therefore in Lee's model with only two generations CP arises exclusively 
from Higgs exchange. If we implement Lee's model in the framework of three generations, 
it turns out that although there is only one phase {9) arising from the vacuum, one can 
generate a non-trivial CP violating phase in Vckm- This can be seen by noting that the 
two quark mass matrices can be written 

Md = -^{viYt + ^26*^^2"), M„ = -^{v^Y^ + V2e-'''Y^), (309) 

where Yf, Y^^ are real matrices. From eq. (I309P it follows that one generates a complex 
with its imaginary part given by: 



Imifrf = V1V2 



Y^Y'^\-Y^Y'^\ sine (310) 



with an analogous expression for Hu- It is clear from eq. fl310p that in spite of having only 
one phase 9 arising from the vacuum, the structure of Hd-, is such that the invariant 
IcPi given in eq. fl308p . does not vanish, which is sufficient to have a non-trivially complex 
CKM matrix. One concludes that in Lee's model with three generations, there are two 
sources of CP violation, Higgs exchange plus CKM mechanism. Therefore, the Lee model 
satisfies condition (i). However, the model has difficulty in satisfying condition (ii), since 
it leads, in general, to too large FCNC, unless one assumes very large Higgs masses, in 
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the range 1-10 TeV, or invokes some suppression mechanism [433j . 



B. Models with Natural Flavour Conservation in the Higgs sector 

We have seen in the previous section that in the case of two Higgs doublets, the imposition 
of NFC in the Higgs sector eliminates the possibility of generating spontaneous CP vio- 
lation. However, this is no longer true for three Higgs doublets, where it was shown |436] 
that one can generate genuine spontaneous CP violation. However, it was also shown |437] 
that in this model Vckm is real, which is in disagreement with present experiment |7t 1448] . 

C. A Minimal Realistic Model with Spontaneous CP Violation 

Now we present what we consider to be the minimal extension of the SM where one can 
generate spontaneous CP violation, leading to a complex CKM matrix, having no conflict 
with the experimentally suppressed FCNC processes. 

Let us consider an extension of the SM which consists of the addition of a vector- 
like singlet quark D and a complex scalar singlet S. The vector-like quark may be the 
down-type or the up-type. For definiteness, we consider that it is of the down-type with 
electrical charge Q = —1/3. For simplicity, we introduce a Z2 symmetry, under which the 
new fields are odd, 

Z2: Dl-^-Dl, Dr-^-Dr, S^-S (311) 

while all the SM fields are even. Strictly speaking, the introduction of the Z2 symmetry 
is not necessary. However, its presence in the model provides a simple solution [449] to 
the strong CP problem [4501 14511 Ii52l 14531 liSH 1455] . As a result of the Z2 symmetry, the 
couplings duDpi^ are forbidden but the mass term and couplings: 

MWlDr + U^S + f/S*)D2d^ + h.c. (312) 

are allowed by gauge and Z2 invariance. As a result the 4x4 quark mass matrix has the 
form: 

where stands for the 3x3 mass matrix connecting standard quarks, the zero reflects 
the presence of the Z2 symmetry and Mr, is a 1 x 3 matrix given by: 

{Md)j = (/,Fexp (za) + /,Vexp {-la)) . (314) 

We have assumed that CP is broken by the vacuum with: 

(5) = 1/exp(m) (315) 

It can be shown [456] that the presence in the scalar potential of terms like (S*^ + 5**^), 
(5^ + S**^), implies that there is a region of parameters where the minimum is at the {S) 
of eq. fl315p . with a a non-trivial phase. This vacuum breaks CP spontaneously. Note 
that although one has only one phase a arising from the vacuum, due to the arbitrariness 
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of the real couplings fj, f/, is an arbitrary 1x3 complex matrix. The matrix A^^ is 
diagonalized by the usual bi-unitary transformation: 

t/i^.t/«=(o °) (316) 

where d = diag.(md, rris, rrib) and D denotes the mass of the physical Q = —1/3 vector-like 
quark. The unitary matrix Ul can be written in block form: 

Ul=(^^ ^) (317) 



^ S T ^ 

The matrix K stands for the usual 3x3 CKM matrix, which is determined by the relation: 
where 



K~\m,ffml^ff) K = d' (318) 



4. X maMD^Momd^ 
^ef/ml^eff = (319) 

where = Mj:,Mj:,'^ + M^. The crucial point is that the two terms contributing to 
f^ef ffn^mef f Same order of magnitude, since both Md and M are SU(2) x f/(l) 

invariant mass terms which are expected to be of the same large mass scale. As a re- 
sult, a nontrivial complex CKM matrix is generated and the CP violating phase is not 
suppressed by the large scale of and M . Of course, this can be explicitly checked 

r t 1^ 

by evaluating Tr Hu,meffml^^jrj- ■ It is worth summarizing the main features of this 

class of models, where spontaneous CP violation is achieved through the introduction of 
at least one vector-like isosinglet quark and a complex singlet scalar: 



(i) They provide a simple framework for having spontaneous CP violation, while at the 
same time generating a complex CKM matrix. 



(ii) The 3x3 quark mixing matrix connecting standard quarks is not unitary. However, 
deviations from unitarity are naturally suppressed by the ratio m^/M^ where m and M 
denote the mass of the standard quarks and the mass of the heavy isosinglet quark(s), 
respectively. These deviations from unitarity lead to Z-mediated flavour changing neutral 
currents, (FCNC) which are again naturally suppressed by the ratio m^/M^. This is a 
general feature of models with vector-like quarks |l57l HSU 0591 SHQl SHU |l62l gMl SMI 
14651 I466j . If the mass of the new quark is of order 1 TeV, the FCNC are sufficiently 
suppressed so that they do not enter in conflict with the stringent limits on AS = 2 
tree level transitions. Yet, one may have significant contributions to Bd-Bd mixing |467[ 
11681 M Wm. Wm Wm mm and Bs-'B's mixing which could be detected at LHCb and in 
super-B factories. 



6.3 CP-violating quantities from the scalar potential 

As shown in section lS.lH in the 2HDM one may define the 'Higgs basis' as a basis (ifi, if 2) 
for the scalar SU(2) doublets such that the neutral component of Hi has real and positive 
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vacuum expectation value v j a/2 while H2 has vanishing vev. In the Higgs basis the 
doublets are given by eqs. f l220p . where and are the three 'would-be Goldstone 
bosons' while B.^ are the two physical charged scalars. The three physical neutral scalars 
5'i,2,3 are the linear combinations of if, i?, and J given by eq. ( ]373p . where T is a matrix 
of SO (3). 

However, as was also stressed in section 15.111 the Higgs basis is not uniquely defined, 
because, when one rotates as in eq. (I22ip . the conditions for the Higgs basis, viz. the 
vev of H2 being zero and the vev of H\ being real and positive, remain satisfied. The 
rotation (I22ip implies 




(320) 



where O E SO (2), cf. eq. fl222|) . 

Under a CP transformation, besides the change in the sign of the space coordinates. 
Hi transforms to its complex conjugatj^ while H2 transforms to its complex conjugate 
apart from an arbitrary phase: 

Hi (t, f) ^ HI (t, -f) , H2 (t, f) ^ e^'^n; (t, -f) . (321) 
Thus, in a CP transformation, 

(f)=40'(f), (322) 

where O' G 0(2) but det O' = -1. 

Our task in this section consists in finding quantities which depend solely on the scalar 
potential and are invariant under basis transformations but change sign under CP. The 
solution to this problem |425] hinges on the matrix 

'=(-iJ)' ''''' 

which has the property 

OeO^ = edetO (324) 

for any O G 0(2). 

The scalar potential of a general 2HDM in the Higgs basis is in eq. (13 76 p . The quan- 
tities mil are functions of the vev v and of the quartic couplings Ai and Ae, 
respectively, through eqs. fl224p . When one expands the scalar potential as a function of 
the component fields of Hi and H2, one finds terms of the following forms 1^ 

a^S, where is a real coefficient and S" is a neutral combination of fields which is in- 
variant under both the basis transformation of eq. (I320p and the CP transformation 
in eq. ([322]). For instance, S may be H\ H^, H' H+ , G-G+, + P, and so 
on. 

^^In second-quantized field theory one must employ, instead of the complex conjugate, the transpose 
of the Hermitian conjugate. 

^^We do not consider terms containing G^H^, which are trickier to handle. 
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(bfR + 6f/) S, where bf and 6f are real coefficients. 

[cfiR"^ + €22!'^ + (cf2 + C21) Rl] S, where the cf^ (a, b = 1,2) are real coefficients and, 
without loss of generality, cfj^ = cf2. 

Considering for instance V2 in eqs. f l378l) -( l380l) . we see that b^ = f ^ Re Ag, = —v'^ Im ^e, 
and that cn = — C22 = (f^/4)ReA5, C12 = C21 = — (f^/4)ImA5 (in V2 there are also 
terms m\H~ , (f ^/2) Ai-f/"^, and (m^/2 + t'^A4/4) {R^ + P), which are of the form 
a^S). If we also consider V3 in eq. fl383fj) . we find for instance b^ = f ReA7 and 
b^~^^ = -vlmXj. 

It is clear that, under the basis transformation of eq. (13201) . 



and similarly, under the CP transformation of eq. (I322p . 

^ - O' ( y ( i f )'40'( i y ) (326) 



2 / V "2 / V '^21 / \ C21 C22 

Using the matrix e of eq. (I323p . it is then easy to construct basis- invariant, CP- violating 
quantities like 



{bf, bl)e^fs') or {bf, 6f )(| 



-12 ^ 
"22 / V ^2 



bf 



For instance, from the tensors explicitly given above one obtains 



/ Cii 


C12 




V C21 


C22 , 





I'h) = -jlm{XlXl), (327) 

( ^f-^ ^r-^ ) ( Z Z)i ) - 4^- (^?^^) ' ^'''^ 

( 6f , ) 6 ^ = v^m (AsA;) . (329) 

One easily sees that, indeed, 

Ji oc Im (XlXl) , J2 oclm (A^Ag) , J3 oclm (AgA;) , (330) 

are the only basis-invariant CP-violating quantities in the potential of eq. (13 76 p . 

By taking into account eq. (138 ip and T e SO (3), the quantity in eq. (132 7p may be 
written |474] 



^6 



yIm(A^A;) = M23[(Mi3) -(Mi2)']+(M22-M33)Mi2Mi3 

= [ml - ml) [ml - ml) [mj - ml) TnT^Ti^. (331) 

This shows that there is CP violation in the 2HDM if all the matrix elements in the 
first row of the mixing matrix T are nonzero and, moreover, the three physical neutral 
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scalars are non-degenerateo This can be confirmed by considering, for instance, tfie 
interactions in eq. (I3751ip . Tfiey tell us tfiat, for j = 1, 2, 3, if Tij ^ 0, then Sj is a scalar; 
therefore, T11T12T13 7^ implies that all three physical neutral spin-0 fields are scalars, 
contrary to our knowledge that in the CP-conserving 2HDM one of those fields must be 
a pseudoscalar. 

If we then consider the interactions in line f l383ep and take into account eq. f l384p . we 
find that 

3 

vHm (XgXj) = ^ ejkimlTikCjTii. (332) 
j,k,i=i 

Indeed, the interactions in line fl383ep indicate that, if Cj 7^ 0, then 5*^- is a scalar. CP 
conservation would then require either Sk or Si {j ^ k ^ I ^ j) to be a pseudoscalar; 
correspondingly, either Tij or Ti^, respectively, ought to vanish. 

One should note that in the generic 2IIDM Ji, J2, and J3 are not all independent. One 
might in principle choose only Ji and J2 as the two independent basis-invariant signals 
of CP violation. However, Ji = J2 = in a particular 2HDM with A5 = 0, yet there 
might still be CP violation through J3 7^ 0. Different particular cases of the 2HDM may 
require different choices for a minimum set of independent J-invariant and, to cover all 
the particular cases, we need Ji, J2, and J3, even though they are not all independent. 

An important point made in Refs. |475[ I43H 1432] concerns spontaneous symmetry 
breaking (SSB). Quantities like Ji, J2, and J3 involve the vev v and therefore refer to 
CP violation after SSB; the Lagrangian before SSB does not involve v. Of course, all 
laboratory CP-violating observables concern CP violation after SSB, but early Universe 
phenomena, such as leptogenesis, involve CP violation before SSB. The quantities Ji, J2, 
and J3 are the only ones needed to study CP violation in the scalar potential after SSB. 
In an earlier section, we found that one needs the four invariants /i, 2,3,4 in order to study 
CP violation before SSB. Interestingly, four quantities are needed in order to study CP 
violation in the generic 2IIDM before SSB, but only three quantities are required after 
SSB. 

The comparison between the /'s and the J's is also of theoretical interest. If some / 
is non-vanishing, then there is CP violation at the Lagrangian level. If all the J's vanish 
but some J do not, then there is spontaneous CP violation. The theory is CP conserving 
only when all the /'s and J's vanish. For discussions see, for instance, [376^ I375[ 1476^ . 

We end this section with an open problem. Through the minimization conditions, one 
can determine (at least implicitly, or numerically) the vevs in terms of the couplings of the 
scalar potential. Therefore, one should be able to write </i,2,3 in terms of /i, 2,3,4 together 
with, possibly, some CP-conserving quantities. As far as we know, this has not yet been 
achieved. 

^^If two of the physical neutral spin-0 fields, say Sj and Sk, are degenerate, then the matrix T may be 
redefined in such a way that either Tij or Tik becomes zero, which is a CP-conserving situation. 
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6.4 CP-violating quantities with scalars and fermions 
6.4.1 The general method 

In this section we discuss a systematic method for the construction of basis-invariant 
quantities which was developed by Botella and Silva [3 TQj . The main focus of their work 
was on basis- invariant signals of CP violation, which we designate by J-invariants. Yet, 
they pointed out that their strategy applies to any other property; for example, their 
method has later been applied [477] to i?-parity in supersymmetric models. The method 
applies with any gauge group G and can also be used in an effective field theory including 
nonrenormalizable interactions. 

To illustrate the main idea, we start with a generic Lagrangian of the form 

£/ = I ^ gijail3j + ^ hkiOk^i | $ + H.c, (333) 

\ ij k,l J 

where the gij and hkj are coupling constants and the a, (3, and 7 are field operators with 
their respective U{a), U{[3), and U{^) fiavour spaces, and also transforming like some 
multiplet of the gauge group G. As an example, in the SM we have, after SSB, 



+ H.C., (334) 



and the fiavour spaces are U(3)i, U(3)„/j, and 11(3)^^, respectively. In perturbation 
theory, one can generate interactions mediated by any power of £7. For example, to 
second order in perturbation theory, we will find interactions mediated by 

{gijaiPj^) (hkiak'ji^) • (335) 

Hence, a given property of the theory (say CP violation) may show up at some order of 
perturbation theory as a suitable product of couplings. 

Under a basis transformation the couplings transform as, 

9ij ^U{a)ki Qki U{l3)ij , 

kl 

^ij ~^ '^U{a)ki hki U{'j)ij . (336) 



kl 



The strategy in looking for basis invariant quantities consists in taking products of cou- 
plings (as in the perturbative expansion), contracting over the internal fiavour spaces and 
taking a trace at the end. For example, the quantities 

H^ = M^Ml , H, = M,Ml , H^H, (337) 

are tensors in the U(3)l space and their traces are weak-basis invariants. The same is 
true for the trace of the \J{3)ur tensor M^M„. 

In so doing, we have already traced over the basis transformations that could lead to 
the spurious phases brought about by basis transformations. Therefore, the imaginary 
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parts of such traces are unequivocal signs of CP violation |478] . For example, the J- 
invariant of the three-family SM is 

J ^lm[ii{H^H,HlHl)]. (338) 

A detail concerns spontaneous symmetry breaking (SSB). After SSB, the physical 
degrees of freedom of the neutral scalars are shifted fields r^j, related to the original ones 
by the vevs (fj) as 

(j)i = Vi + rii. (339) 
This reparametrizes a Lagrangian term; for instance, 

= ^^^jV*Vj + ^^ijV*r|j + ^^ijrj\vj + f^ijillvj- (340) 

In this way, Vi becomes an integral part of new couplings like {fiijV*)'r]j. Thus, in the 
construction of basis invariants involving the scalar sector, one must consider combinations 
of couplings both with and without vevs. This greatly simplifies the study of the scalar 
sector over the analysis in the previous section. In addition, the minimization conditions 
provide relations between the couplings in the scalar potential which must be used in 
identifying the correct number of independent CP-violating invariants. 

This discussion motivates the following prescription for the construction of J-invariants: 

• identify all the scalar and fermion flavour spaces in the theory; 

• make a list of all the couplings according to their transformation properties un- 
der weak basis transformations, including the vacuum expectation values (which 
transform as vectors under the scalar basis change); make use of the stationarity 
conditions of the scalar potential to reduce the number of parameters; 

• construct invariants by contracting over internal flavour spaces in all possible ways, 
taking traces at the end (in order to be systematic it is advisable to do this firstly 
in the fermion sector, using this to define new scalar tensors, and then perform the 
analysis of the scalar sector); 

• take the imaginary part to obtain a basis-invariant signal of CP violation. 

In general, a minimal set of CP-violating quantities is not easy to find, since one could 
in principle go to arbitrary order in perturbation theory. The identification of the number 
of independent J-invariants may, at best, be done in a case- by-case way through a careful 
study of the sources of CP violation in the model. Moreover, different particular cases of 
a model may require different choices for the minimum set of fundamental J-invariants. 
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6.4.2 Invariants with scalars 



We can use the technique of the previous section to reproduce the CP-violating invariants 
of the scalar sector after SSB. One finds [37 0\ 1432] . 



Jl oc Im I ^ V* Yae Vl Ybf Zecfd VcVd \ , (341) 
\a,...f=l J 

J2 OC Im j ^ Vl Zbgge Zchhf Zeafd Va Vd \ , (342) 

\a,...h=l / 

J3 OC Im I ^ vlYab Zbd.dc Vc I • (343) 

\a,b,c,d=l / 

These, it may be shown, are equivalent to the J invariants defined in eqs. fl330p . 
6.4.3 Invariants with scalars and fermions 

In looking for invariants probing CP violation and involving both scalars and fermions 
we follow Botella and Silva |370j . We start from the Yukawa Lagrangian in eq. f l225p . 
The Yukawa-coupling matrices {a = 1, 2) are 3x3 complex matrices. Their rows 
(columns) are acted upon by unitary U(3)l (U(3)d_R) transformations on the space of left- 
handed quark doublets (right-handed down-type quark singlets). Similarly, the Yukawa 
matrices Y^ are 3x3 complex matrices. Its rows (columns) are acted upon by unitary 
U(3)i (JJ{S)ur) transformations on the space of left-handed quark doublets (right-handed, 
up- type singlets). Combinations such as Y^Y^^ and Y^Y,^^ have both indices in the left- 
handed- doublet space. As a result, in 

T^b = tT{Y,%'^), (344a) 
T,", = tr(F„-Vt)^ (344b) 

all quark spaces have been traced over. These quantities depend only on the scalar indices 
a and b. As a result, they can be combined with the Va, Yab, and Zabcd to construct weak- 
basis invariants depending on both scalars and fermions. The lowest order basis-invariant 
measures of CP violation involving both scalars and fermions are |370] 

J' = Im [ ^ v^vlYb^rA (345a) 

\a,b,c=l / 

r = Im ( ^ VavlYb^rA . (345b) 



Ka,b,c=l 
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Expressing these invariants in the quark mass basis, we find 



r oc Im 



r oc Im 



no 



m 



12 



m 



12 



i=l 

no 



1=1 



(346a) 
(346b) 



where is the number of generations and m^j (m„j) is the mass of the i-th down-type 
(up-type) quark. In the simplest case of = 1, there is no CP violation in the CKM 
matrix, there are only two independent CP-violating invariants — which we may take to 
be Ji and J3 — in the scalar sector, and there are only two independent invariants — J'^ 
and J" — involving both the scalars and the fermions. For = 2, there is still no CP 
violation in the CKM matrix, Ji and J3 apply to the scalar sector, and there are a total 
of eight invariants in the scalar-fermion interactions, which were explicitly constructed in 
Ref. |370j . For uq = 3, Ji and J3 apply to the scalar sector, there are 18 invariants in the 
scalar-fermion interactions, and there is now also one CP- violating invariant in the CKM 
matrix, given by eq. (I338p . 



6.5 CP basis invariants and the bilinear formalism 

The basis invariant quantities of eqs. 02741) . (12751) . (I284p and (I288p determine whether 
or not a given 2HDM scalar potential is explicitly CP-conserving. They have extremely 
simplified expressions in terms of the bilinear formalism introduced in section 15. 3[ as was 
shown in refs. |376i 1375] . We follow the notation of the Heidelberg group |372l I373[ 1375] 
and introduce the vectors ^ and r] and the matrix E, given, in terms of the parameters of 
the 2HDM potential defined in eq. ( l98i) . as 

-2Re(m22) \ ^ / Re(A6 + A7) 

2Im(m22) , ^ = 4 -Im(A6 + A7) 

A4 + Re(A5) -Im(A5) Re(A6 - A7) \ 
E = ^ \ -Im(A5) A4 - Re(A5) -Im(A6 - A7) . (347) 
Re(A6-A7) -Im(A6-A7) i(Ai + A2) - A3 / 

Then, the / invariants of section 16.1.11 may be written as 

/i = (I X ri f . E^, (348) 



h = {^^r)Y .Ell, (349) 
/3 = (I X iE^)f . E't (350) 
h = (ry X {Er])f . E^rj. (351) 



^^In fact, these four invariants are linear combinations of those in section 16.1.11 but their usage is 
equivalent. 
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The extremely simple form of these equations, and the appearance of external prod- 
ucts between vectors in them, leads to meaningful geometrical interpretations for CP- 
violating/preserving potentials |376[ 1375] . See also |380[ 1421] . 

As for the basis invariant quantities Jj of eqs. (I34ip - ( 1343^ . which determine whether a 
given vacuum preserves or breaks CP, they too can be written, in an extremely simplified 
manner, in terms of the bilinear formalism. Let us introduce the vector r = {ri,r2,rs)'^ , 
with the Tj defined in eq. fllOSp . Then [375j . 

Ji = i^x . (r), (352) 
J2 = (I X {E^)f . (r), (353) 
J3 = (ry X (Eri))^ . (r), (354) 

where (r) corresponds to the vector r evaluated at some stationary point of the theory 
6.6 CP violation and symmetries 

As discussed in section 15.61 there are six classes of 2HDM symmetry-constrained poten- 
tials. Those symmetries, and their impact on the parameters of the potential, were shown 
in Table [5l Leaving aside the extension of these symmetries to the Yukawa sector - where, 
as we have seen in section 15.14.31 each symmetry has very different consequences - each 
of those models corresponds to a very specific and different type of scalar physics. For 
instance, a model with a Peccei-Quinn |12j U(l) symmetry (class IV) can have a vacuum 
with a massless scalar, an axion. That is not possible, whatever the vacuum, for models 
with the Z2 or CPl symmetries (classes V and VI). 

Another aspect for which the six classes behave very differently concerns the possibility 
of CP breaking - explicitly or spontaneously - for each potential. This question is better 
handled using the bilinear formalism formulae presented in section 16.51 A systematic 
analysis of all possible potentials was carried out in ^397j . Briefly, this consists of: 

• One may wish to consider models with an exact symmetry, out of the six considered, 
or to softly-break that symmetry via the inclusion of generic dimension-two terms 
(real or, in the case of m^2 5 even complex). 

• Prior to spontaneous symmetry breaking, it is necessary to determine whether CP is 
a valid symmetry of the potential, or if it is explicitly broken. This is best achieved 
computing the four / invariants of eqs. fl348p - (13511) . 

• For any given model, the extremum conditions need to be solved, to prove that a 
certain vacuum, which might break CP spontaneously, is possible. 

• Having proved that a given sets of vevs is a possible solution of the extremum 
conditions, one must verify whether that vacuum effectively breaks CP. This is best 
achieved through the calculation of the three invariant quantities of eqs. (I352p - 

(EMD. 

^^These, too, are linear combinations of the invariants of p4ip - p43p . 
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If any of the /j invariants is different from zero, the potential is not CP-conserving, and 
CP is not a defined symmetry of the potential (for all possible CP definitions of the form 
of eq. ( I134p ). If all Jj = then the potential is CP-conserving; a given vacuum is CP- 
conserving if and only if all invariants Jj = 0. A CP-conserving scalar sector has some 
very distinct physical properties: there is a well-defined pseudoscalar state A, and there 
are two well-defined CP-even states h and H; as a result, though triple vertices of the 
form ZZh and ZZH are possible, no vertex like ZZA is allowed. 

In |397] the bilinear formalism of refs. |373[ I374[ 1375] was used to compute all invariant 
quantities. As shown in the previous section, the formulae for the / and J CP basis 
invariants are extremely simple in the bilinear formalism, and that allowed a general 
analysis of all possible models, without even an explicit calculation of the vevs (a major 
simplification, since solving the extremum conditions can be analytically impossible in 
some models). The conclusions of the study of |397] are summarised in Table El Some 

Table 6: CP properties of the six symmetry- constrained classes of 2HDM scalar potentials. 
We consider both the case of exact symmetries and their soft breaking via dimension-two 
terms. In this table, "Yes" means that it is possible to choose the parameters of the 
potential such as to enable that particular form of CP violation. 





exact 


softly-broken 


symmetry 


explicit 


spontaneous 


explicit 


spontaneous 


class 


CPV 


CPV 


CPV 


CPV 


I - U(2) 










II - CP3 










III - CP2 






Yes 


Yes 


IV- U(l) 










V-Z2 






Yes 


Yes 


VI - CPl 




Yes 


Yes 


Yes 



obvious observations are drawn from this table: 

• Any scalar potential with an exact symmetry is CP-conserving. 

• If the symmetry of the potential is continuous (i.e., classes I, II and IV) no CP 
violation is possible, be it explicitly or spontaneously, even with generic soft-breaking 
terms. 

• Discrete symmetries allow for the possibility of spontaneous symmetry breaking; 
however, with the exception of the class VI model, that is only possible via the 
inclusion of a soft-breaking term 0. 

Though a general analysis of CP breaking in the scalar sector is achievable, the study of 
the CP properties of the theory requires that one takes into account the Yukawa terms. 
And some of the models of Table [6] may well end up having CP conserved in the scalar 
sector but violated by the fermion-scalar interactions, much like the SM. 

^^For the potential with a Z2 symmetry this was well-known for a long time '4331. 
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6.7 Two models with an original source of CP violation 

In the SM, the source of CP violation is explicit breaking, via Yukawa matrices which 
are complex. This leads to a complex CKM matrix, and in turn to a non-zero Jarlskog 
invariant. In such models, then, CP is not defined a priori, since it is not a symmetry of 
the lagrangian - it is broken by hard, dimension four, Yukawa terms. The MSSM can be 
another example: in |479] it was shown that radiative Higgs-sector CP violation can be 
quite large in the MSSM. In effect, after quantum effects are included, one obtains, as a 
limit, the potential of a general CP-violating 2HDM. 

In the 2HDM, as has been explained in previous sections, there is the possibility of 
spontaneous breaking of CP. A complex phase can appear in the vacuum of the theory and 
lead to CP breaking. The presence of such a phase, however, is not sufficient to guarantee 
CP violation - one needs to calculate the J invariants of eqs. fl34ip - f l343p and verify 
whether at least one of them is non-zero. An example of a model where this happens is 
the classic paper by Branco and Rebelo |433] - they considered a scalar potential with a 
Z2 symmetry, extended to the fermion sector in a particular way, and also required CP 
conservation at the lagrangian level. Hence, all of the model's parameters are real. Since 
the exact symmetry forbids any CP-breaking vacuum, they added a real soft breaking 
term to the scalar potential, and thus generated a complex CKM matrix. In such a model 
some (or all) of the Jj invariants are non-zero, and there is CP violation in the scalar-scalar 
interactions, as well as in the fermion sector. 

In this section we will briefiy describe two versions of the 2HDM in which CP violation 
arises in ways which are different from the two usual ones described above. 



6.7.1 The CPS model 



In |391j a 2HDM was built with the CP3 symmetry extended to the fermion sector. We 
recall (see eq. f llSip ) that this corresponds to a transformation on the scalar fields of the 
form 

$1 \ _ / cose sine \ f 

$2 y V -sin0 cose V 



(355) 



In |391] it was shown that the only value of the angle e which leads to six massive quarks 
(and three massive charged leptons) is e = 7r/3. Also, the transformation laws of the 
quark fields under this symmetry are uniquely determined (again, by the requirement of 
six massive quarks). One finds that the Yukawa coupling matrices for the down quarks 
have a very simple form. 



yd 



an ai2 ais 
ai2 —an a23 
asi a32 



Vd 
-'2 



ai2 —an — a23 
—an — ai2 ai3 

-^32 ^31 



(356) 



in a special basis where all the a^j coefficients are real. Indeed, in that basis all the 
parameters of the potential are real. An analogous form is found for the matrices for 
the up quarks, with different coefficients bij. 

The scalar potential of the CP3 model (class II of table has a continuous symmetry 
which will be broken if both scalar fields acquire a vev - which then implies the appearance 
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of a massless axion. As such, one needs to add real soft breaking terms to the potential, 
which give mass to the would-be axion. One then finds that, with such a soft breaking 
term, a vacuum with a complex relative phase between the vevs is possible - of the form 
($1) = vi, ($2) = vie''^. However, as shown in table [6], even such a vacuum does not 
provoke CP breaking in the scalar sector - all Ji invariants are equal to zero, even if 5 7^ 0. 
Still, it was shown in |391] that the Jarlskog invariant is directly proportional to sin 5. 
As such, in this model a vacuum with a complex relative phase is possible and does lead 
to CP violation, even if its scalar sector preserves CP. This then, is a new type of CP 
violation: 

• The lagrangian does preserve CP because there is a basis for which all of its param- 
eters are real. Thus, no explicit CP breaking occurs, as in the SM. 

• The scalar sector preserves CP because, even for a vacuum with a complex phase 
6, all of the basis-invariant quantities Ji which measure CP violation in the scalar- 
scalar interactions are zero. 

• However, CP breaking does occur, and it is spontaneous, since 6^0 implies a 
non-zero Jarlskog invariant. 

It is interesting that the scalar sector does the deed (spontaneously break the symmetry) 
but it is the fermion sector which pays the consequences (providing CP violation) . To the 
best of our knowledge, this type of CP violation is unheard of in the literature - it arises 
spontaneously, but the scalar sector remains CP-conserving. 

The model's interest is increased by the limited number of free parameters it contains 
- 12 independent Yukawa couplings, and 6 scalar potential parameters (counting the soft 
breaking terms). It is easy to fit the six quark masses and a quartet of moduli of CKM 
matrix elements (in theory all one needs to fit the entire CKM matrix |430] ). This model 
has FCNC (the matrices and Y2 do not in general commute with one another), so 
care must be taken to ensure that it is in agreement with the stringent FCNC bounds 
which arise from meson physics. Remarkably, the model does manage to fit the mass 
differences of the K, Bg and mesons, as well as the ex parameters and the unitarity 
triangle angle (3, as obtained from B meson decays. However, the fits performed lead to 
a value of the Jarlskog invariant at least three orders of magnitude smaller than the SM 
value; this would seem to indicate a relation between the unitarity triangle angles, a ~ /3, 
which goes against observational data [293]. 

6.7.2 A specific model 

Recently |427j a model was proposed wherein one extended a Z3 symmetry in the scalar 
sector to the Yukawa terms, in a particular way. The scalar sector therein resulting 
is identical to that of the Peccei-Quinn model; the Yukawa matrices one obtains are 
extremely simple, having the form 

/000\ /xxO\ /00x\ 

Fi" ~ X , ~ o , F2" ~ x x , 
\xxo/ \ooxy \ooo/ 
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where the symbol x denotes a non-zero matrix entry, in general complex. These Yukawa 
matrices were first found in ^428j . 

If, on top of the Z3 symmetry, we apply the standard CP transformation, all terms in 
the lagrangian are forced to be real. Again, since the matrices and Y2 (and and 
Y2 ) do not in general commute, this model has FCNC 

Once more, the Peccei-Quinn model has an axion if both scalar fields acquire a non- 
zero vev. Thus, it is necessary to add a soft-breaking term to the potential. However, 
unlike what happened for the CPS model of the previous section, it is impossible to obtain 
a vacuum of the form ($1) = fi, ($2) = fie"*^, with 5^0, unless the soft breaking term 
mfg is itself complex (and has phase —5) o. However, even despite the introduction of 
a complex soft breaking term, the scalar potential remains CP-conserving, before of after 
spontaneous symmetry breaking - check table [61 As such, this too is an unusual source of 
CP violation: 

• The model has a scalar sector which is CP-conserving. 

• CP violation occurs due to an explicit breaking of the CP symmetry, via a complex 
coefficient in the scalar potential. 

• However, unlike the case of the SM, this CP breaking is soft, not hard, since the 
complex coefficient is a dimension-two term of the lagrangian. 

The FCNC which arise in this model have an extra surprise: it is easy to show that all 
FCNC couplings are real, so that no CP violation occurs in FCNC interactions. Indeed, 
this model reproduces perfectly the type of CP violation one obtains in the SM - all quark 
masses, CKM matrix elements, meson mass differences and CP-violating quantities can 
be fitted with the model's eleven parameters (see |427j ). Remarkably, one is capable of 
fitting all observables with some of the scalar masses as low as ~ 150 GeV, even in the 
presence of FCNC. Further, the model's scalar sector also satisfies constraints on New 
Physics arising from the oblique parameters of section [Dl as well as the LEP2 constraints 
on the lightest Higgs mass [Tj. 

As such, this model suggests that even though the CKM mechanism for CP violation is 
well established experimentally, the origin for a complex CKM matrix need not necessarily 
be that of the SM - a hard breaking of CP through dimension-four terms. In the 2HDM 
with a Z3 symmetry, the possibility exists that the origin of all CP violation is a soft, 
dimension- two, term. 



'^'^The reason for this drastic difference in behaviour is the fact that in the CPS model the A5 quartic 
couphng is non-zero, unhke what happens for the Peccei-Quinn potential 
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7 Recent results from the LHC 



The 35 inverse picobarns of the 2010 Large Hadron Colhder (LHC) run were not useful in 
constraining the Higgs sector. Over the summer of 2011, the LHC collected more than one 
inverse femtobarn of data, and at the Hadron Collider Workshop in November 2011 the 
ATLAS and CMS Collaborations presented [480j the combined results for that summer 
run. They presented upper bounds on the cross section for Standard Model Higgs boson 
production as a function of the Higgs boson mass. The main plot, the so-called "Brazil 
bands" plot, is shown in Fig. [2T1 The solid line in this plot gives the upper bound, at 
95% confidence level, on the measured cross section for Higgs boson production relative 
to the Standard Model cross section, assuming Standard Model decay signatures. One 
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Figure 21: Combined results of the ATLAS and CMS Collaborations presented at the 
Hadron Collider Workshop in November 2011. The solid line is the experimental upper 
bound, at 95% confidence level, on the cross section for Higgs boson production divided 
by the cross section of the Standard Model. The dashed line is the expected 95% exclusion 
bound, and the green and yellow bands are the one- and two-standard deviation bands 
around that expected bound. 

can't quickly draw conclusions about 2HDMs from this plot, which is meaningful only for 
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Standard Model Higgs boson decays. As seen throughout this report, in many 2HDMs, 
and for a substantial region of the parameter space, one expects very different branching 
ratios from those of the Standard Model. 

Nonetheless, there is one circumstance in which the plot can directly lead to infor- 
mation about 2HDMs. That is when the primary decay modes of the h and H of the 
(CP-conserving) 2HDM are into W^W~ and ZZ. In the Standard Model, these decays 
dominate for Higgs boson masses above 130 GeV, and thus the branching ratios into 
W^W~ and ZZ would be the same, since the total branching ratio is 100% and the only 
difference between the W^W~ and ZZ branching ratios would be the SU(2) couplings 
and phase space. 

If the primary decays are into W^W~ and ZZ, then the only differences in the event 
rate between the Standard Model Higgs boson and the h and H scalars of the 2HDM would 
occur in the production cross section, which proceeds through top-quark loops. For the h 
(if), this is equal to the Standard Model cross section times cos^ a/ sin^ [3 (sin^ a/ sin^ (3). 
Clearly, one can adjust a such as to make either one or the other of the neutral scalars 
h or H invisible, but the sum of the cross sections of h and H is independent of a. Note 
that the one exception would be in the type II model with large tan /3, since then bottom- 
quark loops can affect the production cross section of h and H. Including this possibility 
would add an additional parameter and, for illustrative purposes, we shall not include 
those loops here. One should keep in mind that, as noted in Chapter 2, large tan /3 has 
difficulties with perturbativity and unitarity, and requires fine-tuning. 

Consider the case tan/3 = 1. Then, the sum of the cross sections for h and H pro- 
duction, where both the h and H decay into W^W~ and ZZ, is twice the cross section 
for the Higgs boson of the Standard Model. That means that at least one of those cross 
sections must be larger than the one of the Standard Model. From the plot in Fig. [2H 
one can see that if both the h and H have masses in between 140 GeV and 480 GeV, then 
the production cross section for each of them is below the Standard Model; therefore, 
this case is experimentally excluded. Suppose instead that tan/3 is very large. Then, 
sin^ /3 ~ 1 and the sum of the cross sections for h and H production is similar to the one 
of the Standard Model. 

We can thus exclude the regions shown in Fig. [221 For tan /3 = 1, the entire parameter 
space in between 140 GeV and 480 GeV is excluded, as well as some regions beyond. 
For tan /3 = 10 a much smaller region is excluded. It is a rather complicated shape due 
to the complex structure of the lines in Fig. [21] As more data is collected, the islands 
are expected to gradually merge and move outwards, eventually excluding most of the 
region — unless, of course, a signal is found, in which case a region will remain. It must 
be once again emphasized that these exclusion regions are only valid if the primary decay 
of both the h and H are into W^W~ and ZZ — and, as can be seen from Chapter 2, this 
is not the case for a substantial part of the parameter space in various 2HDMs. 

In general, for each of the four models described in Chapter 2 it is possible to find 
bounds analogous to those depicted in Fig. [221 but for various values of a. However, these 
bounds will often be quite weak, since a value of a can always be found that makes either 
h or H gauge-phobic, thereby eliminating all LHC bounds. 

All of this may have changed due to LHC experimenters presenting, in December 
2011 |48 111482] . evidence for a peak in the 77 channel at a mass of approximately 125 GeV. 
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Figure 22: For tan /3 = 1 and tan /3 = 10, and assuming that both h and H decay primarily 
into W^W~ and ZZ. the excluded regions are those inside the contours. 

If this evidence is confirmed, then Fig. [22] will become irrelevant. What would such a 
discovery mean for 2HDMs? 

The cross section for pp — )■ /i — )■ 77 is consistent with the Standard Model, but 
substantial discrepancies are still allowed. In the Standard Model, a Higgs boson with 
mass 125 GeV has a branching ratio of approximately 0.002 to 77. In the 2HDM, the 
branching ratios can differ, as seen in many of the plots in Chapter 2, although there is 
usually a region of parameter space in which the branching ratio is similar. The production 
cross sections will also be different. It is clear that one will usually be able to find a set 
of parameters in which the recent results can be accommodated. If the branching ratios 
into W~^W~, ZZ, bb, and t~^t~ can also be observed, then these will correspond to other 
regions of parameter space, which might be mutually exclusive. Thus it might be possible 
to rule out some of the 2HDMs in Chapter 2 — or else, if the Standard Model predictions 
are not verified, these 2HDMs might constitute viable alternatives. This possibility has 
recently been discussed |483j . Note that failure to find a heavy Higgs boson at the LHC 
is not necessarily a problem; the more Standard-Model-like is the h field, the more gauge- 
phobic will the H be, and thus it could easily evade detection. 

Clearly, one will need information about the other decay modes of this 125 GeV state. 
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and such information should be forthcoming shortly. 
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8 Conclusions 



The Large Hadron Collider has begun taking data, and a flood of information is imminent. 
Within a short time, the deepest question in particle physics in a generation, the nature 
of electroweak symmetry breaking, will definitively be addressed. In the Standard Model, 
one assumes the simplest possible scalar sector, and the properties of the Higgs boson in 
that model have been studied extensively. 

The simplest extension of the electroweak Higgs sector is the addition of another 
scalar doublet. The purpose of this review article is to discuss this extension in detail. 
The phenomenology of Two-Higgs-Doublet models is extremely rich, since it contains a 
charged Higgs, a pseudoscalar and two neutral scalars, fiavour-changing neutral currents, 
and more possibilities for CP violation and baryogenesis. 

The most general 2HDM has tree level flavour changing neutral currents, which can be 
phenomenologically problematic. The most studied versions of the 2HDM use a discrete 
symmetry to avoid tree level FCNCs, and the phenomenology of the neutral sector of 
these versions was studied in Chapter 2, focusing on the bounds from the Tevatron and 
expectations from the LHC. In Chapter 3, we studied models that do contain FCNC at 
tree level. In Chapter 4, the phenomenology of the charged Higgs in these models was 
analysed. 

The theoretical structure of 2HDMs is quite complex. One can have CP-violating, 
CP-conserving and charge breaking minima, there are several bases that one can choose, 
as well as a number of invariants. The theoretical structure is discussed in Chapter 5, in- 
cluding renormalization group analyses, vacuum stability bounds, symmetry-constrained 
lagrangians, etc. In Chapter 6, CP violation in the Higgs sector is studied in detail. 

Many important topics have not been included. The most important is supersym- 
metry, which automatically requires at least two Higgs doublets. There are extremely 
comprehensive reviews of the Higgs sector of supersymmetric models, and we referred the 
reader to those reviews. Other than a brief discussion in Chapter 6, we have not included 
models with three or more Higgs doublets, and we have, for simplicity, not considered 
models with singlets. In addition, the phenomenological focus has been on the Tevatron 
and the LHC. While a linear collider would be enormously helpful in a detailed study of 
the scalar sector, it is sufficiently far in the future that we did not discuss it here; the 
questions that a linear collider would answer will likely be very different within a couple 
of years. 

While the LHC will help elucidate the nature of the Higgs sector, it will be several 
years before the various couplings can be measured precisely enough to test many of 
the models in this review, although some will be tested sooner. Of course, paraphrasing 
Sidney Coleman, it is possible that the entire structure will be swept into the dustbin of 
history by a thunderbolt from Geneva. We may know very shortly. 
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A Unitarity limits 



The theoretical bounds discussed in section ISTl arise from the condition that the potential 
must have a minimum, viz. they prevent the existence of directions in field space along 
which the potential is unbounded from below. There are other theoretical bounds that 
one must impose on the potential, namely, all the (tree-level) scalar-scalar scattering 
amplitudes must respect unitarity. This is equivalent to requiring that the J = partial 
waves (usually denoted Oq) for scalar-scalar scattering satisfy |ao| < 1/2 in the high- 
energy limitEj In the SM, this requirement is equivalent to ensuring that the quartic 
coupling in the scalar potential is not too large; in the original work by Lee, Quigg, 

1 TeV was thus obtained. 



and Thacker gHl MM the bound niH < ^j87rV2/ {3Gf) 
Extending this bound to the 2HDM is complicated, due to the richer scalar spectrum 
and, consequently, to the need to take into account many scattering amplitudes; the 
existence of many quartic couplings also complicates matters. This leads to an analysis 
of the eigenvalues of the S matrix in the scalar sector. 

Early work on the unitarity bounds in the 2HDM was undertaken in [4861 14871 1488] . 
A comprehensive study of all the scattering amplitudes and of their relevance for a CP- 
conserving scalar potential with a Z2 symmetry was presented in |489] . That work was 
later generalized in [98l 1490] by allowing the presence the following quantities: 
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(357) 



which are functions of the masses of the physical scalars, of the angles a and /3, and the 
soft-breaking parameter 771^2 (notice that we are assuming a CP-conserving vacuum). The 
unitarity bounds can be, and usually are, expressed in terms of these quantities. We shall 
however, for consistency, express them in the notation adopted in this review. The Lj are 



■^^The same condition must be satisfied by the amplitudes for gauge boson-scalar scattering, but we 
need not worry about those, since they yield no new bounds. 
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written, in terms of the couplings of the scalar potential in Eq. (195]) . as 

Ai = 2(Li + L3), (358) 

A2 = 2(Li + L3), (359) 

A3 = 2(^3 + ^4), (360) 

A4 = ^(L5 + L6-2L4), (361) 

A5 = \{L,-L^). (362) 

The computation of the S matrix for scalar-scalar scattering amplitudes allows the de- 
termination of its eigenvalues; the relevant ones are given by o 

a± = ^ (Ai + A2) ± (Ai - A2)' + (2A3 + A4)', (363) 

b± = ^(Ai + A2)±^7(Ai-A2)V4Ai (364) 

c± = i(Ai + A2)±^V^(Ai-A2)V4A2, (365) 

ei = A3 + 2A4-3A5 (366) 

62 = A3 -As, (367) 

/+ = A3 + 2A4 + 3A5, (368) 

/_ = A3 + A5, (369) 

/i = A3 + A4, (370) 

Pi = A3-A4. (371) 

The requirement of tree-level perturbative unitarity translates as 

|a±|, |^±|, |c±|, |/±|, |ei,2|, l/il, |pi|<87r. (372) 

From all these conditions, the one on |a-|-| is the most restrictive one, but all others also 



contribute to place severe upper bounds on the scalar masses. Under the assumption that 
the Z2 symmetry is unbroken and for small values of tan/3 ~ 0.5, Akeroyd et al. have 
thus found that m+ < 691 GeV, uia < 695 GeV, rrih < 435 GeV, and mn < 638 GeV; for 
larger values of tan (3 the bound on rrih becomes quite stronger, dropping below 100 GeV 
for tan/3 6. Despite the constraints from LEP data [7], such low values for rrih are 
not forbidden, since the production cross section of a Zh pair at LEP is suppressed by a 
factor of sin^(a — /3). 

However, the presence of the soft-breaking term greatly relaxes these bounds — for 
large enough values of the bound on rrih becomes independent of /3 and approximately 
equal to 670 GeV. The unitarity bounds of the 2HDM thus are quite dependent on the 
values of some parameters, but may in some cases be quite constraining, even ruling out 
entire sections of parameter space due to conflicts with experimental findings. 

■^^For a CP-violating potential, in which the A5 coupling is complex, just replace A5 by jAsj |491] . 
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B Gauge interactions 



In the Higgs basis of Eq. fl220p . the charged field is physical and has mass m_|_, the 
neutral fields H, R, I are linear combinations of the physical neutral fields 5*1, 5*2, S'3: 



(373) 



where the 3x3 matrix T is orthogonal. Without loss of generality we shall assume T to 
have determinant +1. The field Sj (j = 1,2,3) has mass rrij. 
The gauge-kinetic Lagrangian 

2 

£g = 5^ (D^'Hk)^ {D^Hk) (374) 

k=l 
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be developed as 
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C Scalar— scalar interactions 

The scalar potential in the Higgs basis is given by 

V = ml^H\Hi + ml^HlH2 - (ml2H\H2 + H.c, 



+1 {hW ■ 
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A, 



H\H2 ) + ( As HlH^ + A7 HIH2 ] HIH2 + H.c 



(376) 



where, as before, the parameters in the Higgs basis are denoted by mij and Aj. The 
vacuum expectation value of the potential is 



yo = (0|V|0)=mn J 



(377) 



We now present general expressions for masses and couplings written in the Higgs basis, 
for any neutral vacuum. These are, of course, written in a different basis from the results 
of section 15.101 and as such cannot be trivially compared. The mass terms for the scalars 
are given by the part of the potential which is bilinear in the fields: 



V2 = mlH-H+ + -{H R I )M 




The mass of the charged Higgs is given by 
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The symmetric matrix M is diagonalized by the orthogonal matrix T: 



T^MT = diag [mj 



2 2 2\ 

,m2,m^) , 



so that 

3 ^2 

V2 = mlH-H+ + 
Like we said before, we assume detT = +1 without loss of generality. 
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The part of V which is trihnear in the fields may be written 
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(383d) 
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(383f) 



(384) 



where |425] 

Cj = TijXs + T2j Re A7 - Tsj Im Ay. 

A thorough analysis of the trilinear Higgs couplings for the most general 2HDM potential, 
considering one- loop corrections, was undertaken in |493j . 

D The oblique parameters 
D.l Definition 

Let the vacuum polarization tensors be written 

Kv' (?) = Aw {q') + q^YBvv [q') , (385) 

where VV may be either 77, 7^°, Z^Z^, or W^W~ , and q = (g") is the four-momentum 
of the gauge bosons. Let us moreover define 



Avv (g') = Avv (?') I2HDM - "^yy (?') 



SM 



(386) 
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where SM denotes the Standard Model with a Higgs particle of mass ttih- Then, the 
oblique parameters of the 2HDM are defined [494J 
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(387c) 
(387d) 
(387e) 
(387f) 



These parameters are finite and, in principle, observable. In practice, they will be mea- 
surable in practical electroweak experiments on the 2HDM provided 

the measurements are performed at one of the energy scales q^ ~ 0, = m^, or 
q^ = m|, and 

the measurements are performed with light fermions which couple mainly to the gauge 
bosons 7, Z^, and W"^, but couple only very weakly to the scalar particles. 



D.2 Formulae 

The expressions for the oblique parameters in multi-Higgs-doublet models have been de- 
rived in j492l 1495] . We give here those expressions in the particular case of the 2HDM. 



148 



For T one has 
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(389) 



Line fl388al) is a positive definite contribution to T coming from the neutral scalars not 
having the same mass as the charged scalar, while line (1388bp is a negative definite contri- 
bution to T resulting from the neutral scalars not all having the same mass. Line (1388dp 
is the subtraction of the SM equivalent of line fl388cp . 

The expressions for S, U, and X involve the following two functions: 
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One has 



247r 

+T^, G {Z2, zs) + G (Z3, zi) + Tfg G (zi, ^2) 



3 r 



+E 

.7=1 



^ mi 



-G{zh) -ln^\, 



777,4 



(393) 



U = 



^ S (1 - 7^5) G iw+, Wj) - {sir - clrY G Z+) 

I i=i 

-Ti^G (^2, ^3) - Tl^G (^3, ^1) - T^G (^1, ^2) 



487r 



G{z+,z+), 



where 



777 

2a = ^ and Wa 

777i 



777: 



777: 



(394) 
(395) 

(396) 



w 



for a = +,1,2,3, ii". 

The expressions for the obhque parameters V and W involve the following two func- 
tions: 
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+?>[x + y-{x-yf]f{x + y-l,l-2{x + y) + {x-yf), (397) 



^ (x) = 47 - 21x + + 3 7 - 12x + 5^^ - + 3 



x + 1 
X- 1 



Inx 



+3 (28 - 20x + Ix^ - x^) /^^ 
^ ^ x - 4 



(398) 



One has 



V = 



967rc^s^ 



W 



+T^,H {Z2, z^) + T^^H (za, z^) + T^^H {z,, z^) 

3 

3 



(399) 



1 

967rs^ 



+ J]Tjiy(7^,)-^(7/;^) 



(400) 
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E Renormalization-group equations 



The one-loop renormalization-group (RG) equations for a general gauge theory were pre- 
sented in |496[ 1497] . For the specific case of the multi-Higgs-doublet SU{2) x U{1) gauge 
theory, they were given in |403l 14981 139] . 

Let /i be the mass parameter used in the regularization of ultraviolet divergences 
in loop integrals. Let V denote the dimensionless differential operator IGvr^ (d/dln/i) = 
IGtt^// (d/d/i). Let Qs, g, and g' denote the gauge coupling constants of 5'f/(3)coiour5 SU{2), 
and U{1), respectively. The normalization of g' is such that the U{1) charge of the Higgs 
doublets is +1/2. The one-loop RG equations for the gauge coupling constants do not 
depend of the Yukawa and scalar couplings and are 

Vgs = (-n + ^np)gl (401) 



3 

/ 22 4 1 \ 

^g = (-y + 3^^ + 6^^^)^'' (402) 

-Dg' = (jnp + ^UH^g", (403) 

where np is the number of fermion generations and uh is the number of Higgs doublets. 
In the 2HDM with three families of fermions this is therefore 

-Dgs = -7g!, (404) 
Vg = -3g\ (405) 
Vg' = lg'\ (406) 

The one-loop RG equations for the Yukawa-coupling matrices defined in eq. (12251) do 
not depend on the scalar couplings and are 

VYf = adVf + J^TjkY^^ 

k=l 

+ E (-2 Yk^r^Yk + 2 YkYk%' + yfyfyu + 2 n'n'^^^'j , (407) 

vy; = a^Y; + J2T;,Y,- 

k=l 

+ J2 (-2 Yk'yfY,^ + - Y,%'\^ + Y;Y,^%^ + - Y,^Y,^%-j 



(408) 



k=l 

VY^ = a,Yf + Y,T,kY: + j2[Wk%' + ^y:y:%n, im 



k=l k=l 



151 



where 



a, = -^gl -\9' - ^g'\ (410) 

= -8^7.'-^/-^/, (411) 

ae = (412) 

and 

T,, = 3 tr (YfY,'^ + Y;%^) + tr (Y^Y,^^) . (413) 

Of course, in the context of the 2HDM we should set uh = 2 in equations ( l4U7l) - (l4U9p . 
Let the scalar potential be 

v = J2 + \Y1 ^]^k (414) 

j,k j,k,l,m 

with A{^^ = A^^jjffl The one-loop RG equations for the quartic couplings are 
'^^km ~ 2 f 2Ai,gA^^ + A^gAp^ + A;^^Ap^ + A^^A^^ + A^^A^^ 

p,q=l 

- (9/ + 3^'^) At 

+ ^ + ^g g ^Lh 

f ■ l I ■ \ 

+ y^kpJ^pm + '^rnpA-lp + TjpA^^ + T^^A^^^ j 

p=i 

-4tr {Yf^Y.^Yr^Y:,) 

-12 tr (YfY,%'^Y;!, + Y-^YfYl^Y^ + YfY^Y^^Y, 
^Y;:^YiYfYf - Y^^^Y^Y^Yf - YfY^^Y^^^Y^ . (415) 

The one-loop RG equations for the quadratic couplings are 

nil 

T^^k = 2 E K (2Afp + A^l) . (416) 

p,q=l 

In the specific case of the 2HDM, with the notation of eq. (198!) . one has 

12 22 1 2 2 2* //li-yN 

yUl = "^11, /^2 = "^22. /^2 = -"^12. = -^12 5 (417) 

All _ X — X _ a21 _ X Al2 _ a21 _ ^ 

^^11 — ^1; ^*-22 — ^2, ^^12 — ^^21 — ^3) ^^21 " ^^12 " 



'k 



(418) 



33 

more 



The correspondence with the notation of eq. (IM| is Aj^^_^ = Xjk,im', using the tensor A aUows for a 
i compact writing of the formulae below. 
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A^HAs, All = K, (419) 
A^l = Aii = A6, All = All = XI A'^=Af, = X,, A^^ = A'^ = X*. (420) 
Therefore, from equation (14161) . 

Vml^ = 6Ximl^ + (4A3 + 2A4) mj^ - 12 Re {ml^Xl) , (421) 
Vml^ = (4A3 + 2A4) ml^ + 6A2m^2 - 12 Re [ml^X^] , (422) 
Vml^ = -6 (Aem^^ + Xjml^) + (2A3 + 4A4) ml^ + QX^ml^* . (423) 

For the quartic couphngs, in a 2HDM where the up- type quarks couple only to the doublet 
$1, and if we only consider the contribution from the top-quark Yukawa coupling At (with 
the normalization mt = Xtv/\/2, with v = 246 GeV), the one-loop RG equations are 

VXi = 12A? + 4A^ + 4A3A4 + 2A^ + 2|A5|V24|A6|^ 

+ ^i3g' + + 2g'g") - 3Ai(3/ + g" - 4A?) - 12A^, (424a) 
VX2 = 12A^ + 4A^ + 4A3A4 + 2A^ + 2|A5|V24|A7|^ 

+ liSg' + g'^ + 2g'g") - 3A2(3/ + g"), (424b) 
VXs = (Ai + A2)(6A3 + 2A4)+4A^ + 2A^ + 2|A5|' + 4(|A6|' + |A7|') +16Re(A6A;) 

+ li^g' + 9" - 2g'g") - 3A3(3/ + g" - 2A?), (424c) 

VX4 = 2(Ai + A2)A4 + 8A3A4 + 4A2 + 8|A5|' + 10(|A6|' + |A7|') +4Re(A6A;) 

+ 3g'g'^ - 3X,i3g^ + f - 2A?), (424d) 
PA5 = (2Ai + 2A2 + 8A3 + 12A4)A5 + 10(A2 + A2) +4A6A7 

-3A5(3/ + (7'2_2A?), (424e) 
PAe = (12Ai + 6A3 + 8A4)A6 + (6A3 + 4A4)A7 + 10A5A* + 2A5A; 

-3A6(3(72 + ^?'2_3A2), (424f) 

VX-j = (I2A2 + 6A3 + 8A4) A7 + (6A3 + 4A4) Ae + IOA5A; + 2A5A* 

- SXjiSg' + g" - Xl). (424g) 

F Custodial symmetry 

The experimentally measured value for the observable p = / (m| cos^ 6w) is extremely 
close to one [7]. In the SM, the tree-level prediction for that observable is exactly one. 
The fundamental reason for that prediction is an approximate symmetry that the SM 

^1 + W2 



Lagrangian possesses. Indeed, if one writes the SM Higgs doublet as $ = , 

then the SM scalar potential only depends on = ipl + ip\ + ip\ + ip\. Therefore, 
the potential automatically has 5*0(4) symmetry. The group 5*0(4) is isomorphic to 
SU{2) X 5f/(2), which is larger than the SM gauge group SU{2)l x t/(l)y. On the 
other hand, this symmetry 5*0(4) is respected neither by the scalar gauge-kinetic terms — 
specifically, those involving the weak-hypercharge coupling g' — nor by the Yukawa terms. 
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linear in $, since the up-type and down- type quarks have different masses. Thus, SO (4) is 
not a symmetry of the full SM Lagrangian, rather a symmetry only of the scalar potential; 
it is usually regarded as an approximate symmetry, since in the scalar sector it is only 
broken by (small) g' terms in the kinetic energy, and dubbed 'custodial symmetry' [4991 [8] . 

In the 2HDM, there is no S'0(4) symmetry in the most general scalar potential, thus 
the possibility of large contributions to p from that sector alone arises. If one wants to 
avoid them, one may impose custodial symmetry on the 2HDM potential. Following the 
work of Pomarol and Vega [500j , we first define the 2x2 matrices 

^0* 



I 



(425) 



We further define an SU{2)l x SU{2)ji group under which these matrices transform as 

Mij ^ LMijR\ (426) 

with L, e SU{2). The quantities tr(M^Mfc;) are invariant under this SO{A) = SU{2) l x 
SU{2)fi- This corresponds to the same S0{4) custodial symmetry of the SM scalar 
potential. 

Pomarol and Vega have considered two separate situations. In case 1 they have used 
only Mil and M22. The most general scalar potential invariant under 5*0(4) is then 



Vi 



\miMM\iMii 
+ |Ai [tr(M|iMn 



+ f m: 



22 



tr(M|2M 



22) 



m 



12 



tr (M|iM: 



22 j 



+ l\2 



tr(M2^2^22)l + \\MMliMii)ti{Ml^M22) 



+ IA4 [tr(M|iM 



1 2 



22) 



XMMliMii) + A7tr(Mj2^22)l tr(Mi\M22). (427) 



Notice that ti{MlM, 



This allows us to identify, in eq. (14271) . the 
relations that one obtains for the usual parameters of the 2HDM potential in eq. fl98l) . 
We find 



• Case 1: all the parameters are real, and A4 
At a neutral vacuum ((/?°) = Vi, one has 



A, 



^1 








(428) 



This vacuum is not invariant under the full group SU (2) ^ x SU (2)/j. However, if v* 
then (Mij) is proportional to the 2x2 identity matrix and the vacuum preserves a group 
SU{2)y (the "V" stands for "vectorial"), corresponding to identical matrices, i.e. L = R, 
in eq. fl426p . This remaining group preserved by the vacuum is the custodial-symmetry 
group. However, most authors refer to the potential invariant under SU{2)l x SU{2)r as 
displaying a custodial symmetry, and we shall also employ that terminology. 
In case 2 of Pomarol and Vega the potential is built only with M12. It reads 

V2 = ml-^tilMl^Mu) - ml^ (detMi2 + h.c.) 

+iAi [tr(M|2Mi2)l ^ + A4 det(M|2Mi2) + ^ [A5 det(Mi2)^ + h.c] 



+ 



Ae detMi2 tr(Mj2Mi2) + h.c. 



(429) 
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The following constraints on the parameters of the 2HDM scalar potential ensue: 

• Case 2: ml-^ = 7/122, Ai = A2 = A3, and \q = A7. 

Notice that m^2) A5, Xq, and A7 remain complex in this case. The vacuum preserves 
SU{2)v if and only if vi = 

In both cases, there is a dramatic prediction for the scalar masses: the charged Higgs 
is degenerate with the pseudoscalar A. This is easy to see from eq. f l207p in the Case 
1 model. In both cases of Pomarol and Vega, the potential conserves CP, even with the 
complex couplings of case 2. There is thus a well-defined pseudoscalar particle. 

Gerard and Herquet |501j have proposed a twisted custodial symmetry which gener- 
alizes the formalism presented above. They observed that the transformation matrix R 
need not be the same for Mn and M22, namely 

Mil ^ LMuR\ M22 ^ LM22B!\ (430) 

This extra freedom has a limitation, though: since the hypercharge is proportional to 
the diagonal generator of SU{2)r, the matrices R and R' must be related through R' = 
X'^RX, with X = diag (e*'''/^, e"*"^/^). A specific choice for the phase 7 yields the custodial 
mass relation = m\; but a different choice imposes degeneracy between the charged 
Higgs and one of the CP-even scalars, = m^. 

As we know, in the general 2HDM the masses of the H^, H, A, and h are arbitrary, 
since they depend on arbitrary quartic terms in the potential. In the MSSM, the quartic 
terms are constrained to be gauge couplings, and one finds the relationship m'jj± = m\ + 
m^. This would rule out decays — )■ W^A. The twisted symmetry allows for a 
scenario where the pseudoscalar is light (leading to possible decays h — )■ AA, as discussed 
in Chapter [2]). A mass spectrum with itia < mH±,mH < rrih leads to the possibility 
of the Standard Model-like Higgs decaying into charged Higgs. Any of the four flavour 
conserving models can be accommodated in this scenario. A detailed discussion of the 
phenomenology of the model can be found in Ref. [502] . 

One might wonder about the apparent ambiguity that one has in constructing the 
2HDM custodial-symmetric potential in the manner displayed above. For instance, 
tr(M|^Mi2) is also invariant under SU{2)l x SU{2)ji, and we might insert one such term 
in the potential, together with many others. So there would seem to be many more models 
to be considered. Grzadkowski et al. [503] , Haber and O'Neil |390] . and Nishi |504j have 
shown that the models Case 1 and Case 2 are indeed related by a basis change — they 
are not different models, rather they have the same physical predictions. Furthermore, 
basis-invariant methods were developed to identify whether a given potential has custodial 
symmetry or not. Grzadkowski et al. and Nishi have used the bilinear formalism to find 
such conditions for the scalar sector alone. Haber and O'Neil used a different formulation 
and analysed the Yukawa sector as well. The basis-invariant conditions of Grzadkowski et 
al. are particularly simple: a necessary and sufficient condition for a potential to possess 
custodial symmetry is the existence of a three-vector v such that 

Ev = 0, ^■v = 0, r7-v = 0, (431) 

with E, ^, and 77 defined in section [6751 Still regarding the twisted symmetry, Haber and 
O'Neil |390] argued that the choice of the phase 7 discussed above is tantamount to a 
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basis choice. They also showed that in the region of parameter space where the twisted 
scenario arises there is a fundamental indefinition on what constitutes CP, and thus the 
distinction between scalar and pseudoscalar particles is not clear. 

Extending the custodial symmetry to the Yukawa sector |505ll390j requires the equality 
of the up-type and down-type-quark mass matrices. Thus, the custodial symmetry is 
broken by the hypercharge interactions and also by the mass differences amongst quarks. 

Notice that, even though we refer to the custodial symmetry as being a symmetry, 
it does not correspond to any of the six proper symmetries of the 2HDM potential dis- 
cussed in section 15.61 For instance, the renormalization-group (RG) running preserves 
the relations among parameters of the potential following from any of the six symmetries 
of table El whereas it does not preserve the relations following from custodial symmetry. 
It is easy to see, by using the /3-functions of eqs. fl424d|) -f r424ep . that the Case 1 rela- 
tion A4 = A5 is unstable under the RG, i.e. 7^ /^AjO The fundamental reason why 
custodial symmetry cannot appear in table |5] is that those symmetries were obtained by 
requiring invariance of the scalar gauge-kinetic terms, while the custodial transformations 
do not leave them invariant. In fact, the largest symmetry group of the 2HDM scalar 
gauge- kinetic terms was identified in |506] as U{2) x SU{2), promoted to Sp{2) x SO (4) 
in the limit g' ^ 0. If one relaxes the requirement of invariance of the gauge- kinetic terms, 
then the list of possible symmetries of the potential increases, as shown in j395[ 1396] , and 
includes custodial symmetry. 



This occurs even when one sets the Yukawa coupUngs to zero, due to the g^g'^ term in Px^. 
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